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Abstract: We study mass-deformed N = 2 gauge theories from various points of
view. Their partition functions can be computed via three dual approaches: firstly,
(p, q)-brane webs in type II string theory using Nekrasov’s instanton calculus, sec-
ondly, the (refined) topological string using the topological vertex formalism and
thirdly, M theory via the elliptic genus of certain M-strings configurations. We ar-
gue for a large class of theories that these approaches yield the same gauge theory
partition function which we study in detail. To make their modular properties more
tangible, we consider a fourth approach by connecting the partition function to the
equivariant elliptic genus of C2 through a (singular) theta-transform. This form ap-
pears naturally as a specific class of one-loop scattering amplitudes in type II string
theory on T 2, which we calculate explicitly.
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1 Introduction
The world-volume theory of multiple coincident M5 branes is among the most fas-
cinating objects of current interest in high energy physics. It is a conformal field
theory in six dimensions with N = (2, 0) supersymmetry and a non-abelian gauge
group of ADE type [1]. While highly interesting both from a mathematical as well as
a physics perspective, it remained largely mysterious so far, mostly due to the lack of
a Lagrangian description.1 Therefore, in the recent past, new approaches have been
considered, with the goal to extract at least some information about this theory, or
its lower dimensional cousins.
In this paper we study various approaches to computing partition functions of
certain mass-deformed gauge theories with eight supercharges related to the six-
dimensional N = (2, 0) theory. We will collectively refer to such theories as N = 2∗
gauge theories.2 A pictorial overview of our approaches is given in Fig. 1, depicting
the fact that we use three dual representations of the gauge theories, as well as a
perturbative approach using particular one-loop amplitudes in string theory. Let us
begin by reviewing the dual formulations of mass-deformed supersymmetric gauge
theories:
1. Gauge theory on (p, q) 5-brane web in type IIB:
Five dimensional supersymmetric gauge theories can be realized on (p, q) 5-
brane webs in type IIB string theory [3]. The theory we are interested in
corresponds, before mass deformation, to a brane web compactified on a torus
consisting of D5- and NS5-branes. Mass deformations of the gauge theory arise
from the splitting of the D5-brane on the NS5-brane worldvolume as discussed
in [4]. The gauge theory appears on the world-volume of the D5-branes and
its partition function can be calculated using Nekrasov’s instanton calculus [5].
1More precisely, no non-abelian six-dimensional action is known. However, several promising
proposals in lower dimensions for actions of the compactified theory have been put forward [2].
2When compactified to four dimensions the simplest of these theories is the N = 2∗ SU(N)
gauge theory i.e., it has a massive hypermultiplet in the adjoint representation.
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Figure 1: Four-fold approach to N = 2∗ gauge theories: The red squares represent
three dual settings from which the partition function of certain mass deformedN = 2
gauge theories can be computed using various techniques. Each of these approaches
has interesting dualities which can be exploited. The blue circle denotes a specific
one-loop string amplitude which reproduces the partition function for a particular
configuration of branes.
Symmetries of the underlying string theory (e.g. SL(2,Z)) have an interesting
impact also on the gauge theory partition function, which we will study in
detail.
2. (Refined) topological string on elliptically fibered Calabi-Yau three folds:
The gauge theory can also be obtained from the point-particle limit of M-theory
on a specific elliptically fibered Calabi-Yau threefold (we will write CY3fold in
the rest of the paper). The CY3fold which can be used to engineer the theory
is the ZN ×ZM orbifold of the CY3fold which is dual to the compactified brane
web with a single D5- and NS5-brane. The orbifold action gives a CY3fold
which is dual to the compactified brane web with N D5-branes and M NS5-
branes. The CY3fold obtained from an ZN × ZM action and ZM × ZN action
turn out to be the same hence the corresponding gauge theories are dual to each
other. The case discussed in [6] corresponded to M = k,N = 1 which was dual
to M = 1, N = k. The gauge theory partition function is given by the (refined)
topological string partition function [4, 7–9] which can be calculated using the
(refined) topological vertex [10]. The geometric engineering of the gauge theory
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from a CY3fold requires choosing a curve (or a chain of curves if there are more
than one factor in the gauge group) whose area gives the gauge coupling (the
worldsheet instantons wrapping this curve give space-time instantons) [11].
It may happen that there are more than one choice for this curve in which
case the corresponding gauge theories are dual to each other, which is known
as fiber-base duality [12]. The choice of different curves, corresponding to
spacetime instantons, is reflected in the refined topological strings as the choice
of preferred direction of the refined topological vertex. Different choices for
the preferred directions lead to differently looking (but equivalent) expressions
for the final partition functions each giving the instanton expansion for the
corresponding gauge theory. In the case of the CY3fold obtained from the
orbifold ZN × ZM we can choose the preferred direction corresponding to the
curves coming from the resolution of ZN action or the ZM action leading to
two different, yet equal, expressions for the partition functions.
3. M-strings: M5/M2-branes with non-trivial geometry
From an M-theoretic perspective, away from its conformal fixed point the six-
dimensional N = (2, 0) theory essentially describes interacting (almost) ten-
sionless strings. With this picture in mind, in [6] it was proposed to consider a
setup in which the M5 branes are slightly separated from one another and (a
stack of) M2 branes are suspended in between them. From the M5 brane point
of view, the latter appear as strings, which in [6] where dubbed M-strings (see
figure 2).
parallel M5 branes
suspended M2 branes
M-strings
Figure 2: M-strings appearing in a setup of (a stack of) M2 branes suspended
between two parallel M5 branes.
Compactifying this setup to lower dimensions on S1M5 × S1trans, where the M5-
branes wrap S1M5 while S
1
trans is transverse, the only BPS states appearing are
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the Kaluza-Klein modes of the (now mass-deformed) N = (2, 0) superconfor-
mal theory as well as the suspended M2 branes. The degeneracy of the BPS
states (i.e. the 5D gauge theory partition function) is captured by the super-
symmetric partition function of the M-strings, i.e. the (2,0) equivariant elliptic
genus. Particularly the symmetries arising from S1M5×S1trans lead to interesting
dualities among different theories. Indeed, we can identify S1M5 × S1trans with
the torus on which the brane web was compactified. Thus it follows that the
analog of the ZN ×ZM orbifold action on the brane configuration with a single
M5 brane on S1M5 and M2 branes wrapping S
1
trans gives generalised M-string
configuration corresponding to the mass deformed gauge theories we are con-
sidering. We will not discuss in detail these generalised M string configurations
and refer the reader to [13] for details. However, we will show that the (2, 0)
equivariant elliptic genus of the product of instanton moduli spaces gives the
refined topological string partition function of the ZN × ZM orbifold CY3fold
and hence the corresponding (2, 0) theory describes these generalised M-string
configurations. To define the (2, 0) elliptic genus we need to specify a bundle
on the target space [14], which we show can directly be determined from the
brane web picture.
Using these approaches, we write explicit expressions for the corresponding parti-
tion functions for generic values of M and N . For simplicity, and since they are
more tractable, we will discuss some low values of (M,N) in more detail. One of
these cases has generic N but M = 1, which in the M-theory picture corresponds to
a single M5-brane with N stacks (distinguished by their position in the transverse
space) of M2-branes beginning and ending on it. The corresponding partition func-
tion exhibits very interesting modular properties, which we make more tangible by
considering yet another computational approach. We link the gauge theory partition
function to the equivariant elliptic genus χell(C2) of C2 through a particular (singu-
lar) theta-transform, which is represented by the blue circle in figure Fig. 1. The
equivariant elliptic genus is a generalisation of the usual elliptic genus (which would
vanish in the case of C2) to non-compact manifolds, as introduced in [15]. The theta
transform of χell(C2) can be written as a particular (torus-) integral with the ker-
nel given by a Siegel-Narain theta function corresponding to a (2, 2) Narain lattice.
Integrals of this type appear naturally in one-loop scattering amplitudes of string
amplitudes. In fact, amplitudes of this type (also at higher loop orders) have been
used in the past to obtain a direct world-sheet description of the topological string.
This approach has mostly been used to compute higher genus partition functions or
more general correlators for the unrefined topological string (with N = 2 [16] as well
as N = 4 [17] supersymmetry). However, it has been proposed to study also the
refined topological string along these lines [18–21] (see also [22]), which also extends
beyond the perturbative level. Inspired by this idea, we show that the torus integral
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mentioned before can indeed be obtained from a very particular series of one-loop
amplitudes in type II string theory compactified on T 2 with massive external legs.
These amplitudes generalise a similar class of amplitudes studied in [23], which are
related to the (usual) elliptic genus of K3.
This paper is organised as follows: In section 2, we introduce the three dual
settings which we use to compute gauge theory partition functions. In section 3, we
explicitly compute partition functions for M D5-branes and N NS5 branes in type II
string theory and extensively discuss their dualities. In section 4 we relate the gauge
theory partition functions to the equivariant elliptic genus of C2, thereby making its
modular properties more tangible. In section 5 we discuss more properties of the
equivariant elliptic genera and provide several interesting series expansions. In sec-
tion 6 we find a series of one-loop scattering amplitudes in type II string theory on
T 2, which capture the equivariant elliptic genus of K3 and are related to the gauge
theory partition functions. Finally section 7 contains our conclusions. There are sev-
eral appendices, which contain additional mathematical definitions and conventions,
as well as further useful material on some concepts used in the main body of this
paper.
Note added: While finalising our manuscript, we learned of reference [13] being in
preparation and both papers appeared on the same day on the ArXiv. Ref. [13] dis-
cusses generalised M-strings configurations corresponding to orbifolded geometries.
2 N = 2∗ theories: Brane webs, CY3folds and M-strings
In this section we discuss various dual realisations of the five dimensional mass de-
formed gauge theories with eight supercharges. These theories arise from maximally
supersymmetric (sixteen supercharges) gauge theories. As we mentioned above, there
are three dual descriptions in terms of brane webs, elliptic CY3folds and M-strings.
We now explain each of these pictures in detail.
2.1 Brane webs
The theories we are interested in, have a simple description in terms of certain webs
of (p, q) 5-branes in type IIB string theory on R1,9 [3]. Denoting the coordinates of
the latter as XA for A = 0, 1, · · · , 9, our setup is summarised in the following table:
brane X0 X1 X2 X3 X4 X5 X6 X7 X8 X9
D5-branes • • • • • • –
NS5-branes • • • • • – •︸ ︷︷ ︸
gauge theory
︸ ︷︷ ︸
(p,q)−plane
︸ ︷︷ ︸
transverse R3
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The gauge theory lives on the common worldvolume of the 5-branes along X0,1,2,3,4.
The (p, q) brane web lives in the X5,6 plane, along which the branes are oriented
according to their (p, q)-charges, and encodes the details of the five-dimensional gauge
theory [3]. In the following we consider theories on a (p, q) web which consists of
N parallel D5-branes and M parallel NS5-branes, as shown in Fig. 3. This brane
configuration allows us to compactify the (p, q)-plane (X5,6 plane) to a T 2 where
we denote the radius of the X5 and X6 circle by R5 and R6 respectively. Note
that compactification of the (p, q) plane is in general not possible for an arbitrary
brane web. The SL(2,Z) symmetry of type IIB string theory maps the M NS5-
N parallel D5-branes
M parallel NS5-branes
x5
x6
Figure 3: 5-brane web with N D5-branes (horizontal) and M NS5-branes (vertical)
branes and N D5-branes to N NS5-branes and M D5-branes. Thus the gauge theory
corresponding to the brane configuration in Fig. 3 is dual to the gauge theory on the
brane web with N and M interchanged.
The case M = 1 (shown in Fig. 4(a)) was discussed in [6] and the dual brane
configuration obtained by SL(2,Z) symmetry of the type IIB string theory is shown
in Fig. 4(b).
The {ai | i = 1, 2, · · · , N} label the position of the D5-branes on the transverse
circle. When the D5-branes are at the same point on the circle the gauge theory in
R1,4, given by X0,1,2,3,4, has U(N) gauge group. Separating the branes on the circle
breaks U(N) to U(1)N with position of the branes ai being the Coulomb branch
parameters. The dual gauge theory which arises on the D5-branes in the dual brane
configuration shown in Fig. 4(b) is also a U(1)N gauge theory such that,
ai − ai+1 = 1
g2i
, (2.1)
where gi the gauge coupling of the i-th U(1) factor.
The five dimensional theory on a generic (p, q) brane web has N = 1 super-
symmetry with eight supercharges. However, the brane webs shown in Fig. 3 have
N = 2 supersymmetry, with sixteen supercharges, on the common worldvolume.
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SL(2,Z)
N (compact) D5-branes M (compact) NS5-branes
a1
a2
a3
aN
Figure 4: (a) Web giving rise to 5D maximally supersymmetric U(N) theory on the
D5-branes, (b) the web giving rise to U(1)N theory on the D5-branes.
The enhancement is essentially due to massless bifundamental hypermultiplets (in
the N = 1 language) coming from strings stretched between the D5-branes separated
by the NS5-branes. For the case M = 1 these strings give a hypermultiplet in the
adjoint representation since it is the same stack of D5-branes on the either side of the
NS5-brane. This massless adjoint hypermultiplet can be given mass to break N = 2
supersymmetry to N = 1 supersymmetry, by splitting the stack of D5-branes on the
NS5-branes. This deforms the 5-brane web and (p, q) charge conservation generates
(1, 1) 5-branes in the web as shown in Fig. 5.
Figure 5: The mass to the adjoint hypermultiplet is given by a deformation of the
brane web. The mass parameter m corresponds to the length of the blue interval.
For the brane web with N D5-branes and M > 1 NS5-branes, with both D5-
branes and NS5-branes compactified on two different circles, we consider deforma-
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tions by giving masses to the bifundamental hypermultiplets. However, we limit
ourselves to a special case where all the hupermultiplets get the same mass m. The
gauge theory on the D5-branes has:
Gauge group : G = U(1)× SU(N)× SU(N)× · · · × SU(N)︸ ︷︷ ︸
M factors
Matter : hypermultiplets in ⊕Ma=1
[
(Na,Na+1)⊕ (Na,Na+1)
]
, (2.2)
where Na is the N -dimensional fundamental representation of a-th SU(N) and Na
is its complex conjugate representation.
Using SL(2,Z) symmetry of the type IIB string theory we can map the above
configuration of N D5-branes and M NS5-branes to a configuration of M D5-branes
and N NS5-branes. In this case the theory on the D5-branes has:
Gauge group : G = U(1)× SU(M)× SU(M)× · · · × SU(M)︸ ︷︷ ︸
N factors
Matter : hypermultiplets in ⊕Na=1
[
(Ma,Ma+1)⊕ (Ma,Ma+1)
]
, (2.3)
where Ma is the M -dimensional fundamental representation of a-th SU(M) and Ma
is its complex conjugate representation.
Per construction, these two gauge theories (equ.(2.2) and equ.(2.3)), are dual
to each other. The partition function of these two theories can be calculated using
Nekrasov’s instanton calculus and duality suggests that after appropriately identi-
fying the parameters of the two gauge theories the partition functions should be
equal.
We denote by {ai | i = 1, 2, · · · , N} and {bj | j = 1, 2, · · · ,M} the positions of
the N D5-branes on the X6 circle and M NS5-branes on the X5 circle respectively.
Then the following table summarizes the relation between the parameters of the dual
theories:
N D5-branes/M NS5-branes M D5-branes/N NS5-branes
Coulomb parameters: Gauge couplings:
ai − ai+1 , i = 1, 2, · · · , N 1g2i , i = 1, 2, · · · , N
Gauge couplings: Coulomb parameters:
1
g2j
, j = 1, 2, · · · ,M bj − bj+1 , j = 1, 2, · · ·M
2.2 Calabi-Yau Threefolds
In this section we will review the construction of CY3folds dual to the 5-brane webs
discussed in the previous section. The five dimensionalN = 1 supersymmetric theory
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on the 5-brane web has a dual description in terms of M-theory compactification on
a CY3fold. The geometry of the CY3fold is encoded in the 5-brane web.
We will be concerned with toric non-compact CY3folds, which are constructed
by gluing together C3 patches. The data of how to glue the patches is encoded in a
geometric object called the Newton polygon. Consider the case of the conifold given
by the equation,
x1x2 − x3x4 = 0 , x1,2,3,4 ∈ C . (2.4)
Solving the equation we can express x4 =
x1x2
x3
which implies that the conifold can
be constructed from two C3 patches. Let us denote the coordinate ring of the two
C3 patches by U1 and U2 then,
U1 = C[x1, x2, x3] , U2 = C[x1, x2, x4] = C[x1, x2,
x1x2
x3
] . (2.5)
To each xi we associate a vector vi such that the relation x1x2 = x3x4 is now encoded
in the relation between the vectors v1 + v2− v3− v4 = 0. Since the conifold is a three
dimensional manifold, these vectors are taken to lie in the integer lattice Z3 ⊆ R3.
The manifold being CY3fold imposes the extra condition that the points representing
the vectors lie in a plane. We can take these vectors to be
v1 = (0, 0, 1) , v2 = (1, 1, 1) , v3 = (1, 0, 1) , v4 = (0, 1, 1) . (2.6)
The above four vectors give a polygon in the z = 1 plane shown in Fig. 6.
v1
v2
v3
v4
v1
v2
v3
v4
(a) (b)
Figure 6: The Newton polygon of the conifold with triangulations shown.
The triangulation of the Newton polygon given in Fig. 6(a) corresponds to choos-
ing the coordinate rings of the two C3 patches as given in Eq.(2.5). The coordinate
rings of the two C3 patches for the triangulation given in Fig. 6(b) are,
U˜1 = C[x1, x3, x4] , U˜2 = C[x2, x3, x4] = C[
x3x4
x1
, x3, x4] . (2.7)
The Newton polygon and the triangulations are directly related to the brane
webs. The brane web is just the dual of the Newton polygon i.e., the edges of the
Newton polygon are orthogonal to the edges of the brane web and for each face in the
– 9 –
(a) (b)
Figure 7: The Newton polygon and the brane web.
Newton polygon we get a vertex in the brane web. The two brane webs corresponding
to the two triangulations of the Newton polygon are shown in Fig. 7.
The conifold is a singular variety and there are two ways to remove the singu-
larity, we can either deform the equation of the conifold (deformed conifold) or we
can resolve the singularity (resolved conifold). The deformed conifold is given by the
equation,
x1x2 − x3x4 = ε . (2.8)
To understand the geometry of this deformation we write the above equation as
x1x2 = z , x3x4 = z − ε , z ∈ C . (2.9)
Over the z-plane these two equations define a fibration. The equation x1x2 = z gives
a C× fiber for each z 6= 0, which degenerates to C over z = 0. Similarly the equation
x3x4 = z − ε gives a C× fiber for each z 6= ε with C× degenerating to C over z = ε.
The geometry of this fibration is shown in Fig. 8.
× ××
Figure 8: The geometry of deformed conifold. The dotted line indicates an S3
formed by the line joining z = 0 with z = ε together with the two cigars coming
from C× fibers as they go from z = 0 to z = ε.
The deformation produces an S3 in the geometry whose projection on the z-plane
gives a path from z = 0 to z = ε. The deformed conifold is the total space of the
cotangent bundle on S3. This can be seen by defining new coordinates z1,2,3,4 such
that x1 = z1 + iz2, x2 = z1 − iz2, x3 = −(z3 + iz4), x4 = z3 − iz4 and the equation of
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the deformed conifold is given by
z21 + z
2
2 + z
2
3 + z
2
4 = ε . (2.10)
The real and imaginary part of (2.10) gives (taking zi = yi + i ui, yi, ui ∈ R, and
assuming ε to be real otherwise we can absorb its phase by redefining zi),
4∑
i=1
y2i = ε+
4∑
i=1
u2i ,
4∑
i=1
yi ui = 0 (2.11)
ui = 0 give the zero section of the cotangent bundle which is the S
3 with area
proportional to ε. For each point on S3 the second equation gives the cotangent
plane hence the total space is that of the cotangent bundle.
The resolution of the singularity is obtained by blowing up the C4 in which the
conifold is the hypersurface x1x2− x3x4 = 0. The exceptional locus of the blowup of
C4 is a P3. The intersection of the conifold and the latter is a quadric P1 × P1 in P3
given by
∑4
i=1 z
2
i = 0 with [z1, z2, z3, z4] ∈ P3. The exceptional divisor of the conifold
after the resolution of the singularity is a P1 which is one of the P1 of the P1 × P1.
The two choices for the exceptional P1 corresponds to the two triangulations of the
Newton polygon and are related by flop transition. The exceptional P1 is dual to the
(1, 1) or the (−1, 1) brane in the brane web, depending on the triangulation, with the
size of the P1 related to the length of the (1, 1) (or (−1, 1)) brane in the (p, q)-plane
[3]. The resolved conifold is the total space of the bundle O(−1) 7→ O(−1) 7→ P1.
(x1, x3) and (x2, x4) gives the two line bundles on P1 such that
x1 = ξ x3 , x2 = ξ
−1 x4 , ξ ∈ P1 . (2.12)
Choosing instead (x1, x4) and (x2, x3) related by
x1 = ξ˜ x4 , x2 = ξ˜
−1 x3 , ξ˜ ∈ P1 , (2.13)
gives the flopped version of the resolved conifold.
Now that we have the web dual to the conifold we can try to compactify the
web by putting it on a T 2 and try to determine the geometry corresponding to it.
Notice that the conifold is given by a C× × C× fibration over the z-plane. The
geometry which corresponds to the compactified web is obtained by compactifying
each of the two C× fibers to a T 2 [4] as shown in Fig. 9. We will denote this partially
compactified conifold by X1,1 since the dual web has one D5-brane and one NS5-brane
and in anticipation of generalizing to the case of multiple D5/NS5-branes.
The Ka¨hler parameters of the two elliptic curves are related to the radius of the
circles on which the D5-brane and the NS5-branes are wrapped,
T = i R5 , U = i R6 , (2.14)
– 11 –
×××
Figure 9: The geometry of partially compactified conifold as T 2×T 2 fibration over
the z-plane.
where R5 is the circle in the X
5 direction (on which the D5-branes are wrapped)
while R6 is the radius of the circle in the X
6 direction (on which the NS5-branes are
wrapped). The elliptic CY3fold X1,1 has three Ka¨hler parameters τ, ρ and T . τ and
ρ correspond to the elliptic fibers and T is corresponds to the exceptional P1 of the
resolved conifold. The gauge theory engineered from this CY3fold via M-theory the
parameter corresponds to the mass m of the hypermultiplets.
We will denote by XN,M the elliptic CY3fold dual to the brane web with N
D5-branes and M NS5-branes wrapped on the X5 and X6 circles respectively. The
brane web can be used to construct the Newton polygon of the dual toric geometry
which is shown in Fig. 10. XN,M is a toric non-compact local CY3fold which is an
M
N
Figure 10: The (N,M) brane web and the corresponding Newton polygon.
ZN ×ZM orbifold of X1,1. Before partial compactification it is the ZN ×ZM orbifold
of the conifold given by [24]:
x1 x2 = z
N , x3 x4 = z
M . (2.15)
From the above we obtain XN,M by partially compactifying the two C× fibers to
elliptic curves as before. Thus the brane configuration of multiple D5-branes and
NS5-branes on S1 × S1 along X5,6 respectively is dual to an elliptic CY3fold which
is the orbifold of X1,1. If we take ρ 7→ i∞ then X1,1 is A0 fibration over an elliptic
curve which was discussed in [6].
From the geometry it is clear that XN,M is topologically the same as XM,N . Thus
the topological string partition function associated with XN,M should be the same as
the one associated with XM,N if we interchange τ and ρ. We will see in section 3.2
that this is indeed the case.
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2.3 M-strings
The brane web theories we described in the last couple of sections also have a de-
scription in terms of M5/M2 brane configurations which are a generalisation of the
configuration studied in [6].
Consider M parallel M5-branes, whose worldvolume theory is the six dimensional
(2, 0) AM−1 theory [1]. We denote the coordinates of the R1,10 spactime of M-theory
by Y I , I = 0, 1, · · · , 10 such that the M5-branes fill R1,5 parameterized by Y 0,1,2,3,4,5
and wrap the circle parameterized by Y 1. All M5-branes are at the origin of R5⊥
which has coordinates Y 6,7,8,9,10. We can separate these coincident M5-branes along
the Y 6 direction so that their position in Y 6 is given by bj, j = 1, 2, · · · ,M . For
multiple M5-branes we can now have M2-branes stretched between the i-th and the
j-th M5-branes such that the worldvolume of the M2-branes is given by Y 0, Y 1 and
bi ≤ Y 6 ≤ bj. This is similar to the configuration studied in [6], where the Y 6
direction was not compactified to a circle. For the dual brane web with N = 1 see
Fig. 11(b).
· · · · · ·
· · ·
(a) (b)
Figure 11: (a) Multiple M5-branes with single stack of M2-branes in between dif-
ferent M5-branes and (b) corresponding brane web.
The brane web with N > 1 seems must be dual to configuration of M5-branes
and M2-branes in which we have N stacks of M2-branes at different points on the
M5-branes. However, inspecting the M5/M2-brane worldvolume coordinates shown
in the table below there is no possibility to separate the M2-branes to make different
stacks, apart from separating them in the transverse R4⊥ where they are all located
at the origin.
brane Y 0 Y 1 Y 2 Y 3 Y 4 Y 5 Y 6 Y 7 Y 8 Y 9 Y 10
M5-branes • • • • • •
M2-branes • • •︸ ︷︷ ︸
M-string
︸ ︷︷ ︸
R4‖
︸ ︷︷ ︸
S1
︸ ︷︷ ︸
transverse R4
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We refer the reader to [13] for a detailed discussion of this possibility which preserves
supersymmetry and the mass deformation of the theory, by orbifolding the transverse
space. The fact that the transverse space has non-trivial geometry also follows if one
T-dualizes the NS5-braces to convert them to pure geometry which is Taub-NUT.
As a consequence of this modification of the transverse geometry we can have
stacks of M2-branes separated from each other in the transverse space. The case of
2 stacks of M2-branes along with the dual brane web is shown in Fig. 12.
· · · · · ·
· · ·
· · ·
Figure 12: (a) Two stacks of M2-branes (shown in different colors) between the
M5-branes and (b) the corresponding brane web.
This separation of the stacks of M2-branes in the dual brane web picture is given
by the distance between the D5-branes. These stacks of M2-branes ending on the
M5-branes give rise to M-strings in the worldvolume of the M5-branes which are
points in R4|| inside the M5-branes. Since we have different stacks of M2-branes these
points can be thought of as colored points. For the case of k stacks of M2-branes,
with ni number of M2-branes in the i-th stack, it would seem that the moduli space
should be,
Hilbn1 [C2]× Hilbn2 [C2]× · · ·Hilbnk [C2] . (2.16)
However, it turns out to be M(k, n), the SU(k) instanton moduli space of charge
n =
∑k
i=1 ni. We show this explicitly in section 3 when we calculate the (2, 0) elliptic
genus of the M-strings. The distance between the stack of M2-branes get related to
the Coulomb branch parameters breaking SU(k) 7→ U(1)k−1 or equivalently the
equivariant parameters of the U(1)k−1 action on the M(k, n).
3 Partition functions
In this section we calculate the partition functions associated with various dual de-
scriptions of the brane web theory. We give expressions for the partition functions for
generic (M,N) and discuss the cases for low values as examples in more detail. More
specifically, we begin by briefly outlining the notation and some of the conventions
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we use in section 3.1. We discuss the topological vertex computation in section 3.2,
the elliptic genus of the M-strings setup in section 3.3 and the instanton calculus
in section 3.4. In the latter case, we will see that the (2, 0) theory on the M-string
worldsheet can be determined from the brane web i.e., both the target space and
the bundle on the target space required for the (2, 0) theory can be determined by
following some simple rules from the 5-brane web. Also we will see that the super-
symmetry on the M-string worldsheet is generically N = (2, 0), however, in the case
of a single NS5-brane an enhancement of supersymmetry takes place to N = (2, 2).
3.1 Notation and Conventions
In this section we briefly review our notation and the conventions we use in the
following. We follow closely the notation of [25] which is also the source of most of
the identities involving Schur functions that we will use. Many of the expressions
we write are given as sums over partitions which we will denote with Greek letters.
Indeed, we call a set of positive integers µ1 ≥ µ2 ≥ . . . ≥ µ`(µ) > 0 a partition µ of
m ∈ N if ∑`i=1 µi = m. We denote by `(µ) the length of µ and define
|µ| =
`(µ)∑
i=1
µi , ||µ||2 =
`(µ)∑
i=1
µ2i . (3.1)
Partitions can naturally be represented in terms of diagrams, i.e. arrays of left-
aligned boxes with µi boxes in the ith row. We will denote by
∏
(i,j)∈µ the product
over all boxes in the diagram of µ i.e.,
∏
(i,j)∈µ
f(i, j) =
`(µ)∏
i=1
µi∏
j=1
f(i, j) . (3.2)
The conjugate partition µt corresponds to the transposed diagram such that µti =
#{j |µj ≥ i}. Similar to (3.1) we define
||µt||2 =
`(µt)∑
i=1
(µti)
2 . (3.3)
The empty partition will be denoted ∅.
Given partitions µ of m and ν of n with l(µ) ≥ l(ν), m ≥ n and µi ≥ νi, we
define a skew partition µ/ν through the diagram consisting of all boxes which are
in µ, but not in ν. Given a set of variables x = (x1, x2, . . .) we can define the skew
Schur function labelled by the skew partition µ/ν as
sµ/ν(x) =
∑
λ
Nµνλ sλ(x) , (3.4)
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where Nµνλ are the Littlewood-Richardson coefficients and the sum is over all parti-
tions.
Furthermore, for explicit computations our notation is as follows: The refined
topological vertex which we use in section 3.2 is given by
Cλµν(t, q) = q
||µ||2
2 t−
||µt||2
2 q
||ν||2
2 Z˜ν(t, q)
∑
η
(q
t
) |η|+|λ|−|µ|
2
sλt/η(t
−ρq−ν)sµ/η(q−ρt−ν
t
) ,
Z˜ν(t, q) =
∏
(i,j)∈ν
(
1− tνtj−i+1 qνi−j
)−1
,
where the argument of the skew Schur functions q−ρt−ν denotes the infinite set of
variables {qi− 12 t−νi | i = 1, 2, · · · }. Furthermore, concerning our variables, we intro-
duce the shorthand notation
q = e2pii1 , t = e−2pii2 , Qm = e2piim , QT = e2pii T , QU = e2piiU , (3.5)
reflecting the equivariant U(1)× U(1) action on C2 as well as the mass deformation
and the Ka¨hler parameters of the underlying geometry, as we shall review in detail
below.
3.2 Topological strings on elliptic CY3folds: Refined vertex computation
In this section we calculate the (refined) topological string partition function for
the elliptic CY3folds XN,M dual to the (N,M) 5-brane web. We use the (refined)
topological vertex formalism to compute the partition function.
3.2.1 Generic Configuration
The refined topological string partition function of the CY3fold XN,M , resolved orb-
ifold of the elliptic conifold, can be calculated using the refined topological vertex
and the web diagram corresponding to XN,M . As we mentioned earlier the mass
deformation of the gauge theory corresponds to deforming the brane web. After de-
formation the brane web is shown in Fig. 13(a). The brane web shown in Fig. 13(b)
is what we will call the building block since we can construct the (N,M) 5-brane
web by gluing multiple building blocks together.
Recall that the distance between the i-th and the j-th D5-brane is given by
ai − aj and we denote by Qi,
Qi = e
i(ai−ai+1) , i = 1, 2, · · · , N , (3.6)
where N + 1 ≡ 1 since the branes are on a circle of radius U ,
QN = QU Q
−1
1 Q
−1
2 · · ·Q−1N−1 . (3.7)
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α1
α2
α3
αN
β1
β2
β3
βN
Figure 13: (a) The (N,M) 5-brane web and (b) its building block.
The open string partition function associated with the building block (Fig. 13(b))
will be denoted by Wα1α2···αNβ1β2···βN (Qm,Q, 1, 2), where we denote by Q collectively all
the Qi. The topological string partition function of the CY3fold XN,M is given by
Z(N,M) =
∑
{α}
M∏
a=1
[
Q
|α(a)|
ba
Wα
(a)
α(a+1)
]
, (3.8)
where α(a) is a set of N partitions {α(a)1 , · · ·α(a)N }, Wα
(a)
α(a+1)
= W
α
(a)
1 ···α(a)N
α
(a+1)
1 ···α(a+1)N
and we
define |α(a)| = ∑Nb=1 |α(a)b |.
To express Wα1···αNβ1···βN (Qm,Q, 1, 2) in terms of the refined topological vertex we
have to choose a preferred direction. In this case we chose the latter to be horizontal
so that the closed string partition functions will be equal to the partition function
of the gauge theory on the branes which are horizontal i.e., gauge theory on the
D5-branes. With this choice of the preferred direction we get,
Wα1···αNβ1···βN (Qm,Q, 1, 2) =
∑
µa νa
(−Qm)
∑N
b=1 |µb|−|νb|
( N∏
b=1
(−Qb)|νb+1|
)( N∏
a=1
Cνa µaαa(t, q)
)
×
( N∏
b=1
Cνtb+1µtbβtb(q, t)
)
,
where N + 1 ≡ 1 so that νN+1 = ν1. Using the definition of the refined topological
vertex in terms of skew Schur functions, Eq.(3.5), we get,
Wα1···αNβ1···βN =
( N∏
a=1
q
||αa||2
2 t
||βta||2
2 Z˜αa(t, q)Z˜βta(q, t)
) ∑
µa,νa,ηa,σa
(−Qm)
∑N
b=1 |µb|−|νb|
( N∏
b=1
(−Qb)|νb+1|
)
×
( N∏
a=1
sνta/ηa(
√
t
q
t−ρq−αa)sµa/ηa(q
−ρt−α
t
a)
)( N∏
b=1
sνb+1/σb(
√
q
t
q−ρt−β
t
b)sµtb/σb(t
−ρq−βb)
)
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The sum over Schur functions in the above expression can be written as,
G(x,y, Q˜) =
∑
µ,η
(−Q˜1)|µ1| · · · (−Q˜2N)|µ2N |
2N∏
a=1
sµa/ηa(xa)sµta/ηa+1(ya) , (3.9)
where
Q˜a = Qm , for a = 1, 3, · · · , 2N − 1
Q˜a = Qa
2
Q−1m , for a = 2, 4, · · · , 2N
(xa, ya) = (q
−ρt
−αta+1
2 , t−ρq
−βa+1
2 ) , for a = 1, 3, · · · , 2N − 1
(xa, ya) = (
√
q
t
q−ρt
−βta
2 ,
√
t
q
t−ρq−αa2+1) , for a = 2, 4, · · · , 2N . (3.10)
Using standard identities of the Schur functions it follows that (the proof is given in
appendix A.1)3
G(x,y, Q˜) =
1
η̂(Q˜•)
∏
i,j,k
2N∏
a,`=1
(1− Q˜k−1• Q˜aQ˜a+1 · · · Q˜a+`−1xa,iya+`−1,j)(−1)
`−1
=
1
η̂(Q˜•)
∏
i,j,k
2N∏
a=1
N∏
`=1
(1− Q˜k−1• Q˜aQ˜a+1 · · · Q˜a+2`−2xa,iya+2`−2,j)
(1− Q˜k−1• Q˜aQ˜a+1 · · · Q˜a+2`−1xa,iya+2`−1,j)
, (3.11)
where η̂(Q˜•) =
∏∞
k=1(1 − Q˜k•) and Q˜• = Q˜1Q˜2 · · · Q˜2N = QU . Using Eq.(3.10) and
Eq.(3.11) the open string amplitude Wα1···αNβ1···βN becomes
Wα1···αNβ1···βN (Qm,Q, 1, 2) =
1
η̂(QU)
( N∏
a=1
q
||αa||2
2 t
||βta||2
2 Z˜αa(t, q)Z˜βta(q, t)
)
(3.12)
×
∏
i,j,k
N∏
r,`=1
[1−Qk−1U Qr,r+`Q−1m t−βtr,j+i− 12 q−αr+`,i+j− 12
1−Qk−1U Qr,r+`t−β
t
r,j+i−1 q−βr+`,i+j
×1−Q
k−1
U Qr,r+`−1Qm t
−αtr,j+i− 12 q−βr+`−1,i+j−
1
2
1−Qk−1U Qr,r+`t−α
t
r,j+i q−αr+`,i+j−1
]
.
In the above expression Qa,b is the such that
Qab =

QaQa+1 · · ·Qb−1 for a < b ,
QU Q
−1
ba for a > b ,
1 for a = b .
(3.13)
3The computation is similar to the one carried out in [6] for the case N = 1. An-
other way to prove (3.11) is to use the free fermion representation to express this as
Tr
(
O(x1, y1)O(x2, y2) · · · O(x2N , y2N )
)
where O(x, y) = Γ−(x)ωΓ+(y)ω.
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Define furthermore
Jµν(x; t, q) :=
∏
(i,j)∈µ
(1− x tνtj−i+ 12 qµi−j+ 12 )
∏
(i,j)∈ν
(1− x t−µtj+i− 12 q−νi+j− 12 )
Jµν(x; t; q) =
∞∏
k=1
Jµν(Q
k−1
U x; t, q) (3.14)
and using additionally the identity
∞∏
i,j=1
1−Qt−µtj+i− 12 q−νi+j− 12
1−Qti− 12 qj− 12 = Jµν(Q; t, q) = Jνµ(Q; t
−1, q−1)
we get the relation
Wα1···αNβ1···βN (Qm,Q, 1, 2)
W ∅···∅∅···∅ (Qm,Q, 1, 2)
=
( N∏
a=1
q
||αa||2
2 t
||βta||2
2 Z˜αa(t, q)Z˜βta(q, t)
)
×
N∏
r,`=1
Jβrαr+`(Qr,r+`Q−1m ; t, q)Jαrβr+`−1(Qr,r+`−1Qm; t, q)
Jβrβr+`(Qr,r+`
√
q
t
; t, q)Jαrαr+`(Qr,r+`
√
t
q
; t, q)
, (3.15)
where we have introduced
W ∅···∅∅···∅ (Qm,Q, 1, 2) =
1
η̂(QU)
∏
i,j,k
N∏
r,`=1
[1−Qk−1U Qr,r+`Q−1m ti− 12 qj− 12
1−Qk−1U Qr,r+`ti−1 qj
(3.16)
×1−Q
k−1
U Qr,r+`−1Qm t
i− 1
2 qj−
1
2
1−Qk−1U Qr,r+`ti qj−1
]
.
The function Jµν(x; t; q) satisfies the following two important identities relating it to
the theta function:
Jµν(x; t, q)Jνµ(QUx−1; t, q) = x
|µ|+|ν|
2 t
||νt||2−||µt||2
4 q
||µ||2−||ν||2
4 ϑµν(x;U) , (3.17)
1
ϑαα(
√
q
t
;U)
=
1
ϑαα(
√
t
q
;U)
=
(−1)|α|q ||α||
2
2 t
||αt||2
2 Z˜α(t, q)Z˜αt(q, t)
Jαα(QU
√
t
q
)Jαα(QU
√
q
t
)
,
where for x = e2piiz, we used the following ϑ-functions
ϑµν(x;U) :=
∏
(i,j)∈µ
ϑ(x−1t−ν
t
j+i− 12 q−µi+j−
1
2 ;U)
∏
(i,j)∈ν
ϑ(x−1tµ
t
j−i+ 12 qνi−j+
1
2 ;U) (3.18)
ϑ(x;U) = (x
1
2 − x− 12 )
∞∏
k=1
(1− x e2pii k U)(1− x−1e2pii k U) = ie
− ipi U
4 θ1(U ; z)∏∞
k=1(1− e2pii k U)
.
In the last expression, θ1(U, z) is the Jacobi theta function, whose properties are
reviewed in appendix A.2.
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The partition function of the (M,N) brane configurations Eq.(3.8) is then
Z(M,N) =WN(∅)M
∑
α
(i)
a
Q
|α(M)|
T
( M∏
i=1
Q
|α(i)|−|α(M)|
Bi
) M∏
i=1
N∏
a=1
ϑ
α
(i+1)
a α
(i)
a
(Qm)
ϑ
α
(i)
a α
(i)
a
(
√
t/q)
×
∏
1≤a<b≤N
M∏
i=1
ϑ
α
(i)
a α
(i+1)
b
(QabQ
−1
m )ϑα(i+1)a α(i)b
(QabQm)
ϑ
α
(i)
a α
(i)
b
(Qab
√
t/q)ϑ
α
(i)
a α
(i)
b
(Qab
√
q/t)
. (3.19)
In the above partition function,
WN(∅) := W ∅···∅∅···∅ (Qm,Q, 1, 2) , where there are N empty partitions , (3.20)
QBi = e
i(bi−bi+1) , i = 1, 2, · · · ,M ,
QT = QB1QB2 · · ·QBM ,
such that M + 1 ≡ 1 since the branes are on a circle.
An interesting question concerns the modular properties of the partition function
(3.19). Let us define
Ẑ(M,N) :=
Z(M,N)
WN(∅)M
which is explicitly given as
Ẑ(M,N) =
∑
α
(i)
a
Q
|α(M)|
T
( M∏
i=1
Q
|α(i)|−|α(M)|
Bi
) M∏
i=1
N∏
a=1
ϑ
α
(i+1)
a α
(i)
a
(Qm)
ϑ
α
(i)
a α
(i)
a
(
√
t/q)
×
∏
1≤a<b≤N
M∏
i=1
ϑ
α
(i)
a α
(i+1)
b
(QabQ
−1
m )ϑα(i+1)a α(i)b
(QabQm)
ϑ
α
(i)
a α
(i)
b
(Qab
√
t/q)ϑ
α
(i)
a α
(i)
b
(Qab
√
q/t)
(3.21)
Under the modular transformation,
(U,m, ai) 7→ (− 1
U
,
m
U
,
ai
U
) , (3.22)
the partition function Ẑ(M,N) is not invariant. However, it can be made modular
invariant at the expense of making it non-holomorphic in U . Recall that the theta
function can written in terms of the Eisenstein series as,
θ1(U ; z) = η
3(τ)(2piiz) exp
(∑
k≥1
B2k
(2k)(2k)!
E2k(U)(2piiz)
2k
)
.
If we replace the E2(U) in the above expression of the theta function with the non-
holomorphic Ê2(U,U) = E2(U) − 3pi U2 (U2 = ImU) then the partition function
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Ẑ(M,N) is modular invariant but no longer holomorphic and satisfies a holomorphic
anomaly equation,
∂Ẑ(M,N)
∂Ê2(U,U)
=
1
24
D
(2)
bi,m
(1, 2)Ẑ(M,N) , (3.23)
where D
(2)
bi
(m, 1, 2) is a second order differential operator with respect to bi and
depends of m, 1 and 2. This operator can be determined from following equation
satisfied by ϑλµ(x;U),
∂lnϑµν(x;U)
∂Ê2(U,U)
=
1
24
∑
(i,j)∈µ
(
ln(x) + 1(µi − j + 1
2
)− 2(νtj − i+
1
2
)
)
+
1
24
∑
(i,j)∈ν
(
ln(x)− 1(νi − j + 1
2
) + 2(µ
t
j − i+
1
2
)
)
.
3.2.2 Specific Examples
To illustrate the general expression (3.19) we will consider a number of explicit
examples in the following for small numbers of M and N .
• M = 1 and N = k:
We begin with the case of M = 1 and N being generic, which we will denote
by k to avoid confusion. From the discussion in section 2 it follows that we
have two dual M-string descriptions of this brane configuration. This case
corresponds to k parallel M5-branes compactified on a circle with one transverse
direction compactified on a circle. The dual picture is that of a single M5-brane
compactified on a circle with transverse space a charge k Taub-NUT. Following
the notation introduced in the previous section, we will consider the directions
(Y 1, Y 6) compactified on S1M5 × S1trans.4 As already mentioned, the M5 branes
can be separated along X6 and the corresponding web diagram is shown in
Fig. 14(b).
The partition function can be determined using the formalism developed in
section 3.2.1 or by simply taking M = 1, N = k in Eq.(3.8) and is given by,
Z(1, k;T, U, ai) :=
∑
α1,2,··· ,k
Q
|α1|+|α2+···+|αk|
T W
α1α2···αk
α1α2···αk ,
= Wk(∅)
∑
α1,2,··· ,k
Q
|α1|+|α2+···+|αk|
T
k∏
i=1
ϑαiαi(Qm)
ϑαiαi(
√
t
q
)∏
1≤i<j≤k
ϑαiαj(QijQ
−1
m )ϑαiαj(QijQm)
ϑαiαj(Qij
√
t
q
)ϑαiαj(Qij
√
q
t
)
,
4The case of the transverse direction Y 6 non-compact was discussed in [6].
– 21 –
(a)
m
ai
T
preferred direction
(b)
..
. ...
Figure 14: Multiple M5 and M2 branes on S1M5×S1trans: (a) k M5-brane compactified
on a circle with one transverse direction compactified; (b) the corresponding web
diagram with preferred direction horizontal. We have also denoted the parameters
U and tfa as well as the mass deformation parameter m.
where Qij = QiQi+1 · · ·Qj−1 and Qi = ei(ai−aj). ai− aj is the distance between
the M5 branes along S1trans (see figure 14). The above partition function should
be equal to the partition function Z(k, 1) after T 7→ U and ai 7→ bi,
Z(k, 1;T, U, ai) = Z(1, k;U, T, bi) . (3.24)
This can checked by evaluating the partition function Z(k, 1) using Eq.(3.8),
Z(k, 1) = W1(∅)k
∑
ν1,...,νk
Q
|νk|
T
(
k∏
i=1
(QBi)
|νi|−|νk|
)
k∏
i=1
ϑνi+1νi(Qm)
ϑνiνi(
√
t
q
)
(3.25)
In the above expression
W1(∅) =
∞∏
n=1
(1−QnU)−1
∞∏
i,j=1
(1−Qn−1U Qm qi−
1
2 tj−
1
2 )(1−QnUQ−1m qi−
1
2 tj−
1
2 )
(1−QnUqitj−1)(1−QnUqi−1tj)
.
(3.26)
It is the topological string partition function of the elliptic CY3fold X1,1 in the
limit T 7→ i∞, it also captures the massless and the KK modes of the (2, 0) A0
theory compactified on the circle [6, 26] and it can also be written in terms of
chi-y genus of the Hilbert scheme of points [27]. We will study the properties
of this partition function and the associated partition function Z(1, 1) in detail
in section 4.
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• M = 2 and N = 1, 2, k:
Explicitly, for the values M = 2 and N = 1, 2 the partition functions can be
evaluated to be
Z(2, 1) := (W ∅∅ )
2
∑
α,β
(−Q1)|α|(−Q2)|β|Wαβ W βα (3.27)
= (W ∅∅ )
2
∑
α,β
Q
|α|−|β|
B1
Q
|β|
T
ϑαβ(Qm)ϑβα(Qm)
ϑαα(
√
t
q
)ϑββ(
√
t
q
)
as well as
Z(2, 2) := (W ∅ ∅∅ ∅ )
2
∑
α1,2,β1,2
(−Q1)|α1|+|α2|(−Q2)|β1|+|β2|Wα1α2β1β2 W β1β2α1α2 (3.28)
= (W ∅ ∅∅ ∅ )
2
∑
α1,2,β1,2
Q
|α1|+|α2|−|β1|−|β2|
B1
Q
|β1|+|β2|
T
2∏
a=1
ϑαaβa(Qm)ϑβaαa(Qm)
ϑαaαa(
√
t
q
)ϑβaβa(
√
t
q
)
×
∏
1≤a<b≤2
ϑαaβb(QabQm)ϑαaβb(QabQ
−1
m )ϑβaαb(QabQm)ϑβaαb(QabQ
−1
m )
ϑαaαb(Qab
√
t
q
)ϑαaαb(Qab
√
q
t
)ϑβaβb(Qab
√
t
q
)ϑβaβb(Qab
√
q
t
)
The general expression for M = 2 and N = k generic takes the form
Z(2, k) = (W ∅···∅∅···∅ )
2
∑
α1,··· ,k,β1,··· ,k
Q
∑k
a=1(|αa|−|βb)|
f Q
∑k
a=1 |βa|
ρ
k∏
a=1
ϑαaβa(Qm)ϑβaαa(Qm)
ϑαaαa(
√
t
q
)θβaβa(
√
t
q
)
×
∏
1≤a<b≤k
ϑαaβb(QabQm)ϑαaβb(QabQ
−1
m )ϑβaαb(QabQm)ϑβaαb(QabQ
−1
m )
ϑαaαb(Qab
√
t
q
)ϑαaαb(Qab
√
q
t
)ϑβaβb(Qab
√
t
q
)ϑβaβb(Qab
√
q
t
)
3.3 M-string Partition Function
In this section we will calculate the equivariant elliptic genus of the (2, 0) two-
dimensional theory on the M-string worldsheet. We will see that the target space
and the vector bundle to which the right moving fermions couple can be determined
from the brane web diagram. Moreover, the partition function of the theory on the
(M,N) 5-brane web is related to the equivariant (2, 0) elliptic genus with target
space M(N,~k) := M(N, k1)×M(N, k2)× . . .M(N, kM),
Z(M,N) =
∑
~k
~ϕ|
~k| χell
(
M(N,~k), V~k
)
, (3.29)
where we have denoted by χell(M,V ) the equivariant (2, 0) elliptic genus of M with
V as the bundle to which the right moving fermions couple and ~ϕ|~k| =
∏M
i=1 ϕ
ki
i .
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3.3.1 (2, 0) Elliptic Genus
Recall that theN = (2, 2) sigma model with Ka¨hler target space M has a Lagrangian
of the form
L =
∫
d4θ K(Φi,Φj) , (3.30)
where K(φi, φj¯) is the Ka¨hler potential of M and Φi are the chiral superfields. In
terms of component fields the Lagrangian is given by5
L = gij¯∂+φi∂−φj¯ + gij¯∂−φi∂+φj¯ − 2igij¯ψi+D−ψj¯+ − 2igij¯ψi−D+ψj¯− +Rk¯il¯jψi+ψj−ψk¯−ψ l¯+ ,
where the covariant derivatives are given by
D−ψ
j¯
+ = (∂−δ
j¯
l¯
+ Γj¯
l¯k¯
∂−φk¯)ψ l¯+ , D+ψ
j¯
− = (∂+δ
j¯
l¯
+ Γj¯
l¯k¯
∂+φ
k¯)ψ l¯− . (3.31)
The bosonic fields φi are local coordinates on the target space M and since they are
functions of the worldsheet coordinates z, z they describe locally the map Φ : Σ 7→M .
Denoting by K and K the canonical and the anti-canonical bundle on Σ, the spinor
bundles of opposite chirality are given by K
1
2 and K
1
2 . Since K is the bundle of
(1, 0) and K is the bundle of (0, 1) forms, the spinor bundles are just bundles of
holomorphic and anti-holomorphic half-differentials. The fermions ψi± and ψ
i¯
± are
spinors on Σ and vectors on M and therefore
ψi− = K
1
2 ⊗ Φ∗TM , ψi¯− = K
1
2 ⊗ Φ∗TM (3.32)
ψi+ = K
1
2 ⊗ Φ∗TM , ψi¯+ = K
1
2 ⊗ Φ∗TM .
In the case of (2, 0) supersymmetry the right moving fermions, which we will denote
by ηa, are instead taken to be [14]
ηa = K
1
2 ⊗ Φ∗V , ηa = K
1
2 ⊗ Φ∗V ∗ (3.33)
where V is a holomorphic bundle on M . The Lagrangian of the (2, 0) theory in
component form is given by
L = gij¯∂+φi∂−φj¯ + gij¯∂−φi∂+φj¯ − 2igij¯ψi−D+ψj¯− − 2iηaD−ηa + F abij¯ηaηbψi−ψj¯− ,
where by F we denote the curvature 2-form of V with connection A and
D+ψ
j¯
− = (∂+δ
j¯
l¯
+ Γj¯
l¯k¯
∂+φ
k¯)ψ l¯− , D−η
a = (∂−δab + A
a
b i∂−φ
i)ηb . (3.34)
5We consider a Lorentzian worldsheet so that (θ+, θ¯+) are positive chirality spinors and (θ−, θ¯−)
are negative chirality spinors. The fermions ψi+ and ψ
j
− are of negative and positive chirality
respectively. Besides we introduce ∂± = ∂0±∂12 .
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The supersymmetry transformations are given by
δ φi = −ψi− , δ φ
i¯ = −Aab iη
bψi− + −ψ
i¯ ,
δ ψi− = −−∂z¯φi , δ ψi¯ = −−∂z¯φi¯ ,
δηa = −Aab iη
bψi− , δηa = 0 . (3.35)
The (2, 0) elliptic genus of the target space M can be computed as the following
trace over the sigma-model spectrum [28]
Z(τ, z) = Tr(−1)FyJLqHL q¯HR (3.36)
where JL is the zero mode of the left moving U(1) current and (−1)F = eipi(JL−JR).
Assuming that rank(V ) = rank(TM) we parameterize the Chern classes in terms of
the Chern roots
c(TM) =
∏
i
(1 + xi) , and c(V ) =
∏
i
(1 + x˜i) . (3.37)
The (2, 0) elliptic genus can then be written in the form
Z(τ, z) =
∫
M
∏
i
xi θ(τ, x˜i + z)
θ(τ, xi)
. (3.38)
Thus, the elliptic genus is essentially determined by the Chern roots xi and x˜i of the
bundles TM and V respectively.
3.3.2 Fixed Point Calculus of Instanton Moduli Spaces
We will denote by M(r, k) the moduli space of U(r) instantons of charge k in C2.
M(r, k) is a hyper-Ka¨hler manifold of real dimension 4rk. It is isomorphic to the
hyper-Ka¨hler quotient (the ADHM construction),
M(r, k) = {(B1, B2, i, j) | [B1, B2] + i j = 0 , [B1, B†1] + [B2, B†2]− i i† − j j† = ζ Id} ,
where we have introduced
B1, B2 ∈ End(Ck) , i ∈ Hom(Cr,Ck) , j ∈ Hom(Ck,Cr) .
There is a U(1)r × U(1)× U(1) action on M(r, k) with parameters (e1, . . . , er, t1, t2)
given by
(B1, B2, i, j) 7→ (t1B1, t2B2, i e−1, t1t2e j) , e = diag(e1, e2, . . . , er) . (3.39)
The fixed points of M(r, k) are labelled by a set of r partitions (ν1, ν2, . . . , νr)
|ν1|+ |ν2|+ . . .+ |νr| = k . (3.40)
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A fixed point labelled by (ν1, ν2, . . . , νr) is a direct sum Iν1⊕Iν2⊕. . .⊕Iνr where Iνa is
an ideal sheaf supported at the origin and generated by monomials {xi−1 yj−1 | (i, j) ∈
νa}.
For r = 1, M(1, k) = Hilbk[C2] is the Hilbert scheme of k points in C2. It is the
resolution of singularities of the k-th symmetric product of C2 and is given by
Hilbk[C2] = {I ⊂ C[x, y]|dim(C[x, y]/I) = k} (3.41)
and parameterizes the codimension k ideals in C[x, y]. The tangent space at I ∈
Hilbk[C2] is such that
TI(Hilb
k[C2]) ' Hom(I,C[x, y]/I) . (3.42)
The torus T = U(1)× U(1) action on C2
(x, y) 7→ (e2piiε1 x, e2piiε2 y) , (3.43)
induces an action on Hilbk[C2] with finite number of isolated fixed points labelled by
the partitions of k. The fixed point corresponding to the partition λ is
Iλ = ⊕(i,j)3λC zi−11 zj−12 (3.44)
The equivariant weights of the tangent bundle under the U(1) × U(1) action at a
fixed point labelled by λ are given by
{tλtj−iqλi−j+1, t−λtj+i−1q−λi+j | (i, j) ∈ λ} , where (q, t) = (t1, t−12 ) (3.45)
For higher rank r > 1 the equivariant weights of the tangent bundle are
∑
weights
ew =
r∑
a,b=1
eae
−1
b
( ∑
(i,j)∈νa
tν
t
b,j−i qνa,i−j+1 +
∑
(i,j)∈νb
t−ν
t
a,j+i−1 q−νb,i+j
)
. (3.46)
3.3.3 M-strings Dual to (N,M) 5-Brane Web
Before discussing the most general configuration let us consider the case of M =
1, N = k generic. In this case we have a single M5-brane wrapped on S1M5 with
one transverse direction compactified to S1trans and k stacks of M2-branes ending on
the M5-brane, after wrapping the circle, separated in the transverse space. The
latter give k colored points in the R4‖ which is transverse to the M-string worldsheet
inside the M5-brane worldvolume. Thus for the configuration in which there are ni
M2-branes in the i-th stack one expects the moduli space of M-strings to be
H~n := Hilb
n1 [C2]× Hilbn2 [C2]× . . .× Hilbnk [C2] . (3.47)
The vector bundle on H~n relevant for the (2, 0) theory can be determined from a
simple rule, illustrated in Fig. 15, which gives a fiber wise description of the bundle
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IJ Ext
1(I, J)⊗ L− 12
Figure 15: Each pair of M2-brane stacks lead to a factor in the fiber wise description
of the vector bundle.
[6]. A stack of nr M2-branes ending on the M5-brane from the left and a stack of
ns of M2-branes ending of the M5-branes from the left, labelled by (r, s), gives rise
to a factor Ext1(I, J) ⊗ L− 12 in the fiber of bundle over the point (I, J) ∈ Hn1,n2 .
The equivariant weights of the bundle at the fixed point of H~n labelled by the two
partitions λ and µ (with |λ| = nr and |µ| = ns) are given by [29],
{eidrs tµtj−i+ 12 qλi−j+ 12 | (i, j) ∈ λ} ∪ {eidrs t−λtj+i− 12 q−µi+j− 12 | (i, j) ∈ µ} , (3.48)
where
ei drs = ei(ar−as)Qm . (3.49)
For M = 1, N = k we can draw the picture representing the k stacks of M2-branes
on the M5-brane as given in Fig. 16. We have depicted the stacks to be separated
along the M5-brane, however, we mean by this their separation only in the transverse
space, in order to clearly calculate the vector bundle of right moving fermions.
I1
I1
I2
I2
IN
IN
Figure 16: Pictorial representation of stacks of M2-branes ending on the M5-branes
for the purpose of calculating the bundle.
From Fig. 16 it then follows that the fiber of the bundle over the point I =
(I1, I2, . . . , IN) ∈ H~n is given by
V |I = ⊕Nr,s=1Ext1(Ir, Is)⊗ L−
1
2 , (3.50)
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with weights given by∑
weights
ew =
N∑
r,s=1
eidrs
( ∑
(i,j)∈νr
tν
t
s,j−i+ 12 qνr,i−j+
1
2 +
∑
(i,j)∈νs
t−ν
t
r,j+i− 12 q−νs,i+j−
1
2
)
,
(3.51)
which, for Qm =
(
q
t
)± 1
2
, are precisely the weights of the tangent bundle of the rank
N instanton moduli space at the fixed point labelled by I as discussed in section 3.3.2.
Thus the moduli space of the m M-strings dual to the (M,N) 5-brane web is
the rank N instanton moduli space of charge m with vector bundle just the tangent
bundle. The bundle has an extra U(1)m action with equivariant parameter m.
The (2, 0) elliptic genus for the configuration with N stacks and total of k M2-
branes is then given by
Zk =
∫
M(N,k)
∏
i
xiθ(x˜+ z;U)
θ(x;U)
=
∫
M(N,k)
∏
i
xiϑ(x˜+ z;U)
ϑ(x;U)
, (3.52)
where xi and x˜i are the Chern roots of the tangent bundle and the bundle V respec-
tively (in this case V is just the tangent bundle). Since M(N, k) has isolated fixed
points labelled by partitions as discussed in the last section we get using Eq.(3.51),
Zk =
∑
|ν1|+...+|νN |=k
N∏
r,s=1
[ ∏
(i,j)∈νr
ϑ(eidrstν
t
s,j−i+ 12 qνr,i−j+
1
2 ;U)
ϑ(ei(ar−as)tν
t
s,j−iqνr,i−j+1;U)
(3.53)
×
∏
(i,j)∈νs
ϑ(eidrst−ν
t
r,j+i− 12 q−νs,i+j−
1
2 ;U)
ϑ(ei(ar−as)t−ν
t
r,j+i−1q−νs,i+j;U)
]
It turns out that the weights given above are precisely what were used to define
ϑ(x, U) in Eq.(3.18). From Eq.(3.18) and Eq.(3.48) we see that∏
weights of
Ext1(I,J)⊗L−
1
2
ϑ(w;U) = (−1)|λ|+|µ| ϑλµ(ei drs ;U) (3.54)
and this allows us to write
Zk =
∑
|ν1|+...+|νN |=k
N∏
r,s=1
ϑνrνs(e
idrs ;U)
ϑνrνs(e
i(ar−as)
√
q
t
;U)
(3.55)
=
∑
|ν1|+...+|νN |=k
N∏
r=1
ϑνrνr(Qm;U)
ϑνrνr(
√
q
t
)
∏
1≤r<s≤N
ϑνrνs(e
i(ar−as)Qm;U)ϑνrνs(e
i(ar−as)Q−1m ;U)
ϑνrνs(e
i(ar−as)
√
q
t
;U)ϑνrνs(e
i(ar−as)
√
t
q
;U)
,
where we have used the property ϑλµ(x) = ϑµλ(x
−1)(−1)|λ|+|µ|. The full M-string
partition function is given by
Z(1, N) =
∑
k
ϕk Zk . (3.56)
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If we identify ϕ = QT then
Z(1, N) = Z(1, N)
WN(∅) (3.57)
where Z(1, N) is the topological string partition function of the (1, N) 5-brane web
given in Eq.(3.24).
In general we will have
(M,N) 5-brane web 7→ Moduli space of M-strings = M(N, k1)×M(N, kM)
with vector bundle V (N,M)
Let ~I(i) ∈ M(N, ki), i = 1, 2, . . . ,M be a fixed point. Then the fiber of the bundle
V (N,M) over the fixed point (~I(1), ~I(2), . . . , ~I(M)) ∈ M(N, k1) × . . . ×M(N, kM) is
given by
V (N,M)|(~I(1),...,~I(M)) = ⊕Mi=1 ⊕Nr,s=1 Ext1(I(i)r , I(i+1)s )⊗ L−
1
2 . (3.58)
The weights of this bundle at the fixed point (~I(1), ~I(2), . . . , ~I(M)) labelled by partitions
(ν
(1)
1 , · · · , ν(1)N ; . . . ; ν(1)1 , · · · , ν(1)N ) are given by∑
weights
ew =
M∑
p=1
N∑
r,s=1
eidrs
( ∑
(i,j)∈ν(p)r
tν
t,(p+1)
s,j −i+ 12 qν
(p)
r,i −j+ 12 +
∑
(i,j)∈ν(p+1)s
t−ν
t,(p)
r,j +i− 12 q−ν
(p+1)
s,i +j− 12
)
,
(3.59)
Using Eq.(3.46 we can determine the weights of the tangent bundle to the product
of instanton moduli spaces to be,
∑
weights
ew =
M∑
p=1
N∑
r,s=1
ei(ar−as)
( ∑
(i,j)∈ν(p)r
tν
t,(p)
s,j −i qν
(p)
r,i −j+1 +
∑
(i,j)∈ν(p)s
t−ν
t,(p)
r,j +i−1 q−ν
(p)
s,i +j
)
.
(3.60)
The (2, 0) elliptic genus of M(N, k1)× . . .×M(N, kM) with bundle V (N,M) is
Zk1,...,kM =
∑
|ν(p)|=kp
M∏
p=1
N∏
r,s=1
∏
(i,j)∈ν(p)r ϑ(e
idrstν
t,(p+1)
s,j −i+ 12 qν
(p)
r,i −j+ 12 ;U)∏
(i,j)∈ν(p)r ϑ(e
i(ar−as)tν
t,(p)
s,j −iqν
(p)
r,i −j+1;U)
×
∏
(i,j)∈ν(p+1)s ϑ(e
idrst−ν
t,(p)
r,j +i− 12 q−ν
(p+1)
s,i +j− 12 ;U)∏
(i,j)∈ν(p)s ϑ(e
i(ar−as)t−ν
t,(p)
r,j +i−1q−ν
(p)
s,i +j;U)
. (3.61)
This can furthermore be written in the form
Zk1,...,kM =
∑
|ν(p)|=kp
M∏
p=1
N∏
r,s=1
ϑ
ν
(p)
r ν
(p+1)
s
(eidrs ;U)
ϑ
ν
(p)
r ν
(p)
s
(ei(ar−as)
√
q
t
;U)
(3.62)
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=
∑
|ν(p)|=kp
M∏
p=1
( N∏
r=1
ϑ
ν
(p)
r ν
(p+1)
r
(Qm;U)
ϑ
ν
(p)
r ν
(p)
r
(
√
q
t
;U)
)
×
∏
1≤r<s≤N
ϑ
ν
(p)
r ν
(p+1)
s
(ei(ar−as)Qm;U)ϑν(p+1)r ν(p)s (e
i(ar−as)Q−1m ;U)
ϑ
ν
(p)
r ν
(p)
s
(ei(ar−as)
√
q
t
;U)ϑ
ν
(p)
r ν
(p)
s
(ei(ar−as)
√
t
q
;U)
(3.63)
If we form the full partition function
Z(N,M) =
∑
k1,...,kM
ϕk11 . . . ϕ
kM
M Zk1...kM (3.64)
then from Eq.(3.63) and Eq.(3.19) we see that upon identifying ϕp = QBp , p =
1, 2, . . . ,M we have
Z(N,M) = Z(N,M)
WN(∅)M . (3.65)
Thus the (2, 0) elliptic genus on the product of instanton moduli spaces, with bundle
V (N,M), gives the topological string partition function of the (N,M) 5-brane con-
figuration which is the same as the Nekrasov partition function of the corresponding
gauge theory on the web.
3.4 Nekrasov’s instanton partition function
In the previous sections we saw that the partition function of the (N,M) web of
branes can be calculated in two different ways using the topological vertex and (2, 0
elliptic genus. The (N,M) brane web gives rise to a quiver gauge theory and one can
use Nekrasov’s instanton calculus to determine the gauge theory instanton partition
function.
In the limit QU , QT 7→ 0 the circle transverse to the D5-branes and the circle
on which the D5-branes are wrapped is decompactified and the corresponding quiver
gauge theory was studied in [30]. The partition function is given by [30] ,
Zgauge =
∑
α
(i)
a
(
ϕ
|α(i)|
i
)( M∏
i=1
zvec(α
(i))
)( M∏
i=1
zbifun(α
(i−1), α(i))zbifun(α(i), α(i+1))
)
.
where ~α(0) and ~α(M) are all trivial partitions. The factor zvec and zbifun which corre-
spond to vector multiplet contribution and bifundamental hypermultiplet contribu-
tion are defined using the function Rµν ,
Rµν(Q, ) =
∏
(i,j)∈µ
(Q−
1
2 q−
νtj+µi−i−j+1
2 −Q 12 q
νtj+µi−i−j+1
2 ) (3.66)
×
∏
(i,j)∈ν
(Q−
1
2 q
µtj+νi−i−j+1
2 −Q 12 q−
µtj+νi−i−j+1
2 ) .
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and are given by
Zvec(~α
(i)) =
N∏
a,b=1
Z
α
(i)
a α
(i)
b
(Qab, ) , Zα(i)a α(i)b
(Qab, ) =
1
Rαaαb(Qab, )
, (3.67)
Zbifun(~α
(i), ~α(j)) =
N∏
a,b=1
Z
α
(i)
a α
(j)
b
(QabQm, ) , Zα(i)a α(j)b
(QabQm, ) = R~αi,~αj(QabQm, ) .
Using Eq.(3.66) and Eq.(3.67) we see that Zgauge is precisely QU , QT 7→ 0 limit of
Ẑ(M,N) given in Eq.(3.21),6
lim
QU ,QT 7→0
Ẑ(M,N) =
∑
α
(i)
a
( M∏
i=1
Q
|α(i)|
Bi
) M∏
i=1
N∏
a=1
R
α
(i+1)
a α
(i)
a
(Qm, )
R
α
(i)
a α
(i)
a
(1, )
×
∏
1≤a<b≤N
M∏
i=1
R
α
(i)
a α
(i+1)
b
(QabQ
−1
m , )Rα(i+1)a α(i)b
(QabQm, )
R
α
(i)
a α
(i)
b
(Qab, )Rα(i)a α(i)b
(Qab, )
,
where in the above equation α(M) is the set of trivial partitions.
SU(N)1
SU(N)2
SU(N)3
SU(N)4
SU(N)M
Figure 17: The quiver of the gauge theory corresponding to an (N,M) web.
The quiver corresponding to the (N,M) brane web is shown in Fig. 17. In this
case, because of the compactification of the direction transverse to the D5-branes,
strings can wind around the circle before ending on the D5-branes. The factor
Z
α
(i)
a α
(i)
b
(Qab, ) is the contribution coming from strings stretched between the a-th
and the b-th brane in the i-th stack. If the NS-branes are compactified on a circle
then we have strings stretched between the a-th and the b-th brane which wind
around the circle. Thus the contribution of the vector multiplet becomes,
Z
α
(i)
a α
(i)
b
(Qab, ) 7→
∞∏
k∈Z
Z
α
(i)
a α
(i)
b
(QabQ
k
U , ) =
1
ϑαaαb(Qab)
. (3.68)
6We have restricted ourselves to discussing the unrefined case 1 = −2 = .
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Similarly the bifundamental hypermultiplet contribution Z
α
(i)
a α
(j)
b
(QabQm, ) comes
from strings stretched between the a-th and the b-th D5-brane of the i-th and the
(i+ 1)-th stack respectively. Taking into account the winding of the strings we get
Z
α
(i)
a α
(j)
b
(QabQm, ) 7→
∏
k∈Z
Z
α
(i)
a α
(j)
b
(QabQmQ
k
U , ) = ϑα(i+1)a α(i)b
(QabQm) . (3.69)
Thus the vector multiplet and bifundamental hypermultiplet contributions are
Zvec =
M∏
i=1
N∏
a,b=1
1
ϑ
α
(i)
a α
(i)
b
(Qab)
, Zbifun =
M∏
i=1
N∏
a,b=1
ϑ
α
(i+1)
a α
(i)
b
(QabQm) . (3.70)
Thus the full instanton partition function of the gauge theory corresponding to the
(N,M) brane web is given by
∑
αia
ϕ
|α(i)|
i Zvec × Zbifun =
∑
αia
ϕ
|α(i)|
i
M∏
i=1
N∏
a,b=1
ϑ
α
(i+1)
a α
(i)
b
(QabQm)
ϑ
α
(i)
a α
(i)
b
(Qab)
=
∑
αia
ϕ
|α(i)|
i
( M∏
i=1
N∏
a=1
ϑ
α
(i+1)
a α
(i)
a
(Qm)
ϑ
α
(i)
a α
(i)
a
(1)
)( ∏
1≤a<b≤N
M∏
i=1
ϑ
α
(i+1)
a α
(i)
b
(QabQm)ϑα(i)a α(i+1)b
(Q−1ab Qm)
ϑ
α
(i)
a α
(i)
b
(Qab)ϑα(i)a α(i)b
(Q−1ab )
)
,
which is precisely the partition function Ẑ(M,N) given in Eq.(3.21).
4 Free Energy for M = N = 1
In this section we provide another approach to computing the mass-deformed gauge
theory partition functions, which make particularly the modular properties in e.g. (3.22)
(see also [6]) somewhat more tangible. We will focus on the partition function for
the simplest case (i.e. M = N = 1) as written in equ. (3.26).
4.1 Genus Expansion
Let us consider the partition function W1(∅) in equ. (3.26) and study in more detail
the corresponding free energy
Fk=1(Qρ, Qm, 1, 2) = ln W1(∅)
= −
∞∑
n,m=1
Qnmρ
n(1− tn1 )(1− t−n2 )
[
(enT1 + enT2)(t1/t2)
n/2 − (1 + (t1/t2)n)
]
,
where we have introduced the Ka¨hler parameters (T1, T2), by writing
Qρ = e
−T = e−(T1+T2) , and Qm = e−T2 . (4.1)
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Furthermore, we are using the notation
t1 = e
igs
√
β , t2 = e
−igs/
√
β , (4.2)
instead of (t, q) which is closer to the literature on equivariant elliptic genera. Fur-
thermore, we write for the deformation parameters
1 = gs
√
β , and 2 = −gs/
√
β , (4.3)
which allows us to expand the free energy in powers of gs
Fk=1(Qρ, Qm, β, gs) =
∞∑
g=0
g2g−2s F
(k=1)
g (Qρ, Qm, β) , (4.4)
with the coefficients F
(k=1)
g given by
F (k=1)g (Qρ, Qm, β) = −
∞∑
n,m=1
Qnmρ
n3−2g
[
(enT1 + enT2)fg(β)− ag(β)
]
. (4.5)
From the perspective of the (refined) topological string, gs has the interpretation
of the topological string coupling, such that (4.4) corresponds to a genus expansion.
The functions fg(β) and ag(β) appear as coefficients in the following series expansion
∞∑
g=0
fg(β) g
2g−2
s =
√
t1/t2
(1− t1)(1− t−12 )
,
∑
g≥0
ag(β) g
2g−2
s =
1 + t1/t2
(1− t1)(1− t−12 )
. (4.6)
and can explicitly be written in the form (cg = (−1)g−1B2g(2g−1)(2g)! )
fg(β) = cg +
g∑
m=1
(√
β − 1√
β
)2m
bg,m , (4.7)
ag(β) = (2cg + δg,1) +
g∑
m=1
(
√
β − 1√
β
)2m ag,m . (4.8)
The coefficients ag,m and bg,m can equally be expressed in terms of Bernoulli numbers
B2g, which, however, will not be important in the following. Indeed, from now on
we consider β = 1, such that the sums in (4.7) and (4.8) do not contribute. In
the following we discuss the connection of F
(k=1)
g (Qρ, Qm, β = 1) to the equivariant
elliptic genus of C2, which is further discussed in section 5:
1. The coefficient F
(k=1)
g of order g can be written as a particular type of Hecke
transform of the elliptic genus, introduced in [31]
2. The genus g free energy can be obtained from the elliptic genus through a
particular type of SL(2,Z) invariant integration. This relation is known in the
literature as theta-transform [32–34]. The torus integral in turn appears as a
one-loop scattering amplitude computing a particular class of higher derivative
terms in type II string theory on T 2, as we discuss in section 6
For the reader’s convenience, we have summarised these connections in Fig. 18.
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⇑
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Figure 18: Connections between the free energy of a single M5 brane and objects
discussed in subsequent sections: Simple arrows denote relations which we checked
for β = 1, while double arrows denote relations holding in a general Ω background.
4.2 Hecke Transformation and elliptic genus of C2
Using the definition of the polylogarithm Lin(z) =
∑∞
m=1
zm
mn
, we can rewrite expan-
sion coefficients (4.5) in the following form
F (k=1)g (Qρ, Qm, β = 1)
= −cg
∞∑
n=1
(
Li3−2g(Qnρ Q
−1
m ) + Li3−2g(Q
n−1
ρ Qm)− 2Li3−2g(Qnρ)
)
+ δg,1
∞∑
n=1
Li1(Q
n
ρ)
= −Dg(0, 1; β = 1)Li3−2g(Qm)−
∑
`∈Z
∞∑
n=1
[
Dg(0, `; β = 1)Li3−2g(QnρQ
`
m)
]
(4.9)
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where we have introduced the coefficients
Dg(0, 1; β = 1) = Dg(0,−1; 1) = cg = (−1)
g−1B2g(2g − 1)
(2g)!
, (4.10)
Dg(0, 0; β = 1) = −2cg + δg,1 = −2(−1)
g−1B2g(2g − 1)
(2g)!
+ δg,1 , (4.11)
Dg(0, `; β = 1) = 0 ∀|`| > 1 . (4.12)
These are in fact the Fourier coefficients of the equivariant elliptic genus of C2 eval-
uated at β = 17
χell(C2; τ, ν, gs; β) =
θ1(τ ; y
−1
√
t2
t1
) θ1(τ ; y
−1
√
t1
t2
)
θ1(τ ; t
−1
1 ) θ1(τ ; t
−1
2 )
=
∞∑
g=0
g2g−2s fg(τ, ν, β) =
∞∑
g,n=0
∑
`
g2g−2s e
2pii(nτ+`ν)Dg(n, `; β) , (4.13)
which we discuss in great deal in the following section 5. Note that (4.12) reflects
the asymptotic behaviour of the equivariant elliptic genus at the cusp at τ = i∞
lim
τ→i∞
χell(C2; τ, ν, gs; β) =
∞∑
g=0
∑
`
g2g−2s y
`Dg(0, l; β)
= −
e
igs
2
(√
β+
1√
β
) [
y + 1
y
− e
igs
2
(√
β+
1√
β
)
− e−
igs
2
(√
β+
1√
β
)]
(
eigs/
√
β − 1) (eigs√β − 1) .
(4.14)
Since, as we discuss in section 5, fg(τ, ν, β = 1) is a weak Jacobi form of weight 2g−2
and index 1, we observe that the structure of (4.9) is very reminiscent of a Hecke
transformation. Indeed, for ` ∈ N define the Hecke transform of a weight k Jacobi
form Φk(τ, z) =
∑
m,n h(m,n)q
mzn in the following manner [35]
T`Φk(τ, z) = `
k−1 ∑
ad=`
a>0
d−1∑
b=0
d−kΦ
(
aτ + b
d
, az
)
, (4.15)
while for ` = 0 we use the definition [31]
T0Φk(τ, z) =
h(0, 0)
2
ζ(1− k) +
∑
(0,m,n)>0
h(0, n)Li1−k(qmzn) , (4.16)
7Here we denote the modular parameter by τ and introduce q = e2piiτ to avoid confusion with
previous sections while still remaining close to the literature on modular forms.
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with the range of summation defined as
(0,m, n) > 0⇐⇒
{
m > 0 ,
m = 0, n > 0 .
(4.17)
Remembering furthermore Lin(1) = ζ(n), we find indeed
F (k=1)g (Qρ, Qm, β = 1) = T0 fg(ρ,m, β = 1) . (4.18)
Notice, however, that (4.16) differs from the Hecke transformations introduced in
[35], explaining the modular properties of the partition functions discussed in the
previous sections.
4.3 Theta Correspondence and Torus Integration
Another connection between the equivariant elliptic genus and the free energy is
via so-called (singular) theta-correspondences [32–34]. To explain this, consider two
Lie groups (G1, G2) such that G1 × G2 is a subgroup (of the universal cover) of a
larger symplectic group Sp(W ), for W a symplectic vector space. We further assume
that G1 is the centraliser of G2 in Sp(W ) and vice versa. In this case, (G1, G2) are
called a dual reductive pair [36]. Defining automorphic forms for both Lie groups as
irreducible components in the decomposition of the spaces L2(Gi/Gi(Z)) (for some
discrete subgroup Gi(Z)), theta correspondences are defined as integral transforms
of automorphic representations of G1 into automorphic representations of G2.
In the case at hand (G1, G2) = (SL(2,Z), SO(2, 2;Z)) with SL(2,Z)×SO(2, 2;Z) ⊂
Sp(8). The kernel of the transformation is a suitable Siegel-Narain-theta function
which can be written as a sum over the Narain lattice Γ(2,2) of signature (2, 2) (see
(B.1) for the specific denfition8) with possible insertions of the Narain momenta
(PL, PR). We consider a theta transform of χell, with automorphic transformations
of SL(2,Z) acting on the parameters τ and ν, while SO(2, 2;Z) acts on the complex
structure and Ka¨ler moduli (U, T ) of a T 2 torus respectively. To be more precise, let
us consider
I(ν, gs;T, U ; β) =
∫
F
d2τ
τ2
∑
PL,PR∈Γ(2,2)
χell(C2; τ, ντ2PR, gsτ2PR, β)q
1
2
|PL|2 q¯
1
2
|PR|2 .
(4.19)
Despite the fact that (4.19) can be defined in full generality, we will from now on
consider the simpler case β = 1 (and drop it as an argument from now on). To
perform the integration over the fundamental domain F of SL(2,Z), there are several
methods available in the literature. To make contact with (4.9) we can make use of
8Our notation follows the string conventions in view of the string amplitude computation in
section 6.
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the method of orbits, first introduce in [37, 38] and further developed in [17, 32, 39].9
We essentially follow the same steps as in [41] and start out by performing a Poisson
resummation
I(ν, gs;T, U) = T2
∫
d2τ
τ 22
∑
k1,2,n1,2
n,g,`
Dg(n, `; 1) q
ne
− piT2
U2τ2
|A|2−2piiTdetA+pii(λg+ν`)
U2
A
,
where we have introduced the 2× 2 matrix
A =
(
n1 −k2
n2 k1
)
, and A = (1, U)A(τ
1
)
. (4.20)
Moreover, we have used a slightly different expansion of the elliptic genus than in
equation (4.13)
χell(C2; τ, ν, gs; β) =
∞∑
n=0
∑
`,m∈Z
e2pii(nτ+gsm+`ν)c(n, `,m; β) . (4.21)
The coefficients c(n, `,m; β) can be related to Dg(n, `; β) introduced in (4.13) through
Dg(n, `; β) =
∑
m∈Z
(2piim)2g−2
(2g − 2)! c(n, `,m; β) . (4.22)
After these preliminary remarks, we can proceed to compute the integral in
(4.19). Using the method of orbits, there are three different pieces one needs to
consider
I(ν, gs;T, U) = I0(ν, gs;T, U) + IDG(ν, gs;T, U) + INDG(ν, gs;T, U) , (4.23)
corresponding to the zero-, degenerate and non-degenerate orbits respectively. All
three terms can be computed explicitly, using standard methods. The results can be
summarised as follows
I0(ν, gs;T, U) = T2
∫
d2τ
τ 22
∑
n
c(n, 0, 0; 1) qn =
piT2
3
, , (4.24)
IDG(ν, gs;T, U) =
∞∑
n=0
∑
`,m∈Z
c(0, `,m; 1)Li1
(
e2pii(nU+mgs+ν`)
)
(4.25)
INDG(ν, gs;T, U) =
∑
`,m∈Z
∞∑
r,n=0
c(nr, `,m; 1)Li1
∣∣e2pii(nU+rT+mgs+ν`)∣∣ (4.26)
9More recent developments can be found in [40].
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In order to make contact with (4.9) we consider the limit U → i∞
lim
U→i∞
I0(ν, gs;T, U) = T2pi
3
,
lim
U→i∞
IDG(ν, gs;T, U) =
∑
(`,m) 6=(0,0)
c(0, `,m; 1)Li1
(
e2pii(mgs+ν`)
)
+ γE − 1− ln 8pi
3
√
3
,
lim
U→i∞
INDG(ν, gs;T, U) =
∑
`,m∈Z
∞∑
r=1
c(0, `,m; 1)Li1
∣∣e2pii(rT+mgs+`ν))∣∣ .
where we have used the usual regularisation procedure to remove possible divergences
as we take the limit. Thus, we can indeed write
lim
U→i∞
I(ν, gs;T, U)
=
T2pi
3
+
∑
(`,m) 6=(0,0)
c(0, `,m; 1)Li1
(
e2pii(mgs+ν`)
)
+
∑
`,m∈Z
∞∑
r=1
c(0, `,m; 1)Li1
∣∣e2pii(rT+mgs+ν`))∣∣
=
T2pi
3
+
∑
(`,m) 6=(0,0)
∞∑
g=0
(2piimgs)
2g−2
(2g − 2)! c(0, `,m; 1)
∂2g−2
∂x2g−2
Li1
(
ex+2pii`ν)
) ∣∣
x=0
+
+
∑
`,m∈Z
∞∑
g,r=1
(2piimgs)
2g−2
(2g − 2)! c(0, `,m; 1)
∂2g−2
∂x2g−2
Li1
(
ex+2pii(rT+`ν))
) ∣∣
x=0
+ c.c.
Using the identity ∂xLin(x) = Lin−1(x)/x, as well as equation (4.22) we can write
lim
U→i∞
I(ν, gs;T, U) =
∑
`∈Z
∞∑
g,r=1
g2g−2s Dg(0, `; 1)Li3−2g
(
e2pii(rT+`ν))
)
+
∞∑
g
g2g−2s Dg(0, 1; 1)Li3−2g
(
e2piiν
)
+ c.c. (4.27)
where we have neglected moduli independent terms, as well as the zero orbit. Com-
paring the sum over g with (4.9), we indeed find agreement upon identifying
Qρ = e
2piiT , and Qm = e
2piiν . (4.28)
for g ≥ 1. Thus, indeed, the free energy F (k=1)g can be understood as the theta-
transform of the equivariant elliptic genus of C2.
4.4 Decompactification
Consider the resolved conifold, a toric Calabi-Yau threefold which is the total space
X = O(−1)⊕O(−1) 7→ P1 .
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It has one Ka¨hler parameter (the size of the P1) which we will denote by T1. The
refined topological string partition function for this space can be calculated using
the refined topological vertex formalism [10] and is given by
Z(T1, 1, 2) =
∞∏
i,j=1
(
1− e−T1 ti−
1
2
1 t
−j+ 1
2
2
)
,
where t1,2 are defined as in (3.5). The genus g free energy is given by
Z(T1, 1, 2) =
∞∑
g=0
g2g−22 Fg(T1, β) (4.29)
Fg = −fg(β)
∞∑
n=1
e−nT1 n2g−3 = −fg(β) Li3−2g(e−T1) .
4.5 Compactification
As discussed in section 2, by further compactification of the setup we have a geometry
which is a T 2× T 2 fibration and whose mirror is a genus two curve [4]. This Calabi-
Yau threefold engineers an N = 2 theory which is the compactification of an M5-
brane on a T 2 with a mass deformation (corresponding to turning on c1 on the torus)
[4]. The same theory also has a description as an M5-brane wrapped on a genus two
curve. The complex structure parameter T , the Ka¨hler structure parameter U and
the mass deformation ν combine to give the period matrix of the genus two curve(
T ν
ν U
)
(4.30)
The corresponding Calabi-Yau threefold has three P1’s, whose Ka¨hler parameters we
denote as T1, T2 and T3. Taking the limit of any of these parameters going to infinity,
gives the Calabi-Yau discussed in the last subsection. We are using the following
variables which will also be useful later:
U =
i
2pi
(T3 + T2) , ν =
i
2pi
T2 , Q = e
2piiU , (4.31)
A different identification of the Kahler parameters with (T, U, ν) corresponds to an
Sp(4,Z) transformation of the period matrix. The partition function of the gauge
theory is given by
Z = Zpert Zinstanton
Zpert = Z(z, y; t1, t2)
Zinstanton =
∞∑
k=0
Qk χell
(
Hilbk[C2];T, ν, t1, t2
)
, (4.32)
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where χell(X;T, ν, t1, t2) is the equivariant elliptic genus of X which we discuss in
more detail later. In this case since Hilbk[C2] is non-compact the elliptic genus is
calculated equivariantly with respect to the action (z1, z2) 7→ (t1 z1, t2 z2) which lifts
to a C× × C× action on Hilbk[C2].
Denoting the class of the three P1’s by C1, C2 and C3 then χell(C2) (see equ. (4.13))
is counting curves in the class C1 + k C2 +mC3 for k ≥ 1,m ≥ 0,
χell(C2) =
F (Qρ, Qm; t1, t2)
(t
1
2
1 − t−
1
2
2 )(t
− 1
2
2 − t
1
2
2 )
(4.33)
where we have introduced
F (Qρ, Qm; t1, t2)
=
∞∑
n=0
∞∑
k=−n
Qnρ Q
k
m (−1)2jL+2jR N jL,jR(n,k)
( +jL∑
mL=−jL
(t1
t2
)mL)( +jR∑
mR=−jR
(
t1 t2
)mR)
(4.34)
N jL,JR(n,k) is the number of BPS states with spin content (jL, jR) and charge C1 + (n+
k + 1)C2 + nC3.
The above curve counting function F is actually invariant under the transfor-
mation y 7→ y−1. This is clear from its definition in terms of the equivariant elliptic
genus of C2. But it also follows from the geometry of this Calabi-Yau threefold.
Recall that Qm = e
−T2 and therefore Qm 7→ Q−1m corresponds to the flop transition
T2 7→ −T2. Under the flop of C2 the new curve classes and Ka¨hler parameters are
C ′i = Ci + 2(Ci · C2)C2
C ′1 := C1 + 2C2 , C
′
2 = −C2 , C ′3 = C3 + 2C2T ′1 = T1 + 2T2 ,
T ′2 = −T2 , T ′3 = T3 + 2T2 , (4.35)
which particularly implies the following simple transformation properties
T ′1 + T
′
2 = T1 + T2 , T
′
2 + T
′
3 = T2 + T3 , T
′
2 = −T2 (4.36)
Q′ρ = Qρ , Q
′
m = Q
−1
m .
From this we may conclude
F (Qρ, Qm; t1, t2) = F (Qρ, Q
−1
m ; t1, t2) (4.37)
which implies N
(jL,jR)
(n,m) = 0 for m > n. Therefore
χell(C2) =
∑∞
n=0
∑n
k=−nQ
n
ρ Q
k
m (−1)2(jL+jR) N jL,jR(n,k)
(∑+jL
mL=−jL
(
t1
t2
)mL)(∑+jR
mR=−jR
(
t1 t2
)mR)
(t
1
2
1 − t−
1
2
2 )(t
− 1
2
2 − t
1
2
2 )
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The full instanton partition function can be expressed in terms of the multiplicities
of χell(C2). Define c(n, k, r, s) as Fourier coefficients of χell (similar as in (4.21))
χell(C2) =
∑
n,k,r,s
c(n, k, r, s)Qnρ Q
k
m t
r
1 t
−s
2 (4.38)
c(n, k, r + k1, s+ k2) =

(−1)2jL+2jR N jL,jR(n,k) for

−jR ≤ s+r2 ≤ jR
−jR ≤ s−r2 ≤ jR ,
k1,2 ≥ 0
0 otherwise
then we find explicitly
Zinstanton =
∞∑
k=0
Qk χell
(
Hilbk[C2];T, ν, t1, t2
)
=
∏
`,n,k,r,s
(
1−Q`Qnρ Qkm tr1 t−s2
)−c(n`,k,r,s)
(4.39)
5 Elliptic Genera
In the previous section we have seen the appearance of the elliptic genus in the
computation of the partition function for M = N = 1. In this section we study χell
in more detail.
5.1 Equivariant Elliptic Genera
We first introduce a slight generalisation of the elliptic genus, which is non-trivial
also for non-compact manifolds but reduces to the standard definition in the case
of compact manifolds with vanishing first Chern class. We explicitly work out the
example of C2.
5.1.1 General Definition
Elliptic genera have recently attracted a lot of interest from various perspectives,
owing mostly to their interesting modular properties. Indeed, for a compact complex
manifold M with complex dimension d = dimC(M) and vanishing first Chern class
c1(M) = 0, the elliptic genus φ(M; τ, z) is a weak Jacobi form of weight 0 and
index d/2 (see [42, 43]). If one relaxes the second assumption, i.e. c1(M) 6= 0, the
automorphic properties of φ(M; τ, z) are lost. However, as has been shown in [15],
one can define an automorphic correction of the elliptic genus (also referred to as the
modified Witten genus)
χell(M; τ, ν) :=
(iθ1(τ ; ν)
η3(τ)
)d ∫
M
P (M; τ, ν, ~x)W (M; τ, ~x) , (5.1)
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where xi are the Chern roots of the tangent bundle of M and we have defined the
quantities
P (M; τ, ν, ~x) = exp
(
−
∑
n≥2
P(n−2)(τ, ν)
(2pii)nn!
d∑
i=1
xni
)
W (M; τ, ~x) = exp
(
2
∑
k≥2
G2k(τ)
(2k)!
d∑
i=1
x2ki
)
. (5.2)
Here P(n)(τ, ν) is defined as the n-th derivative of the Weierstrass function (see
[15] as well as appendix A.2 for the notation). The definition of χell(M; τ, ν) can
further be extended to non-compact manifoldsM which have some U(1) action with
non-degenerate fixed points {p1, · · · , pN}. In this case, the integration in (5.1) is
calculated equivariantly with respect to this action and is given by
χell(M; τ, ν) =
N∑
a=1
(iθ1(τ ; ν)
η3(τ)
)d
(w1,aw2,a · · ·wd,a)−1 P (M; τ, ν, ~wa)W (M; τ, ~wa)
(5.3)
where ~wa are the weights associated with the U(1) action at the fixed point pa.
5.1.2 Equivariant Elliptic Genus for C2
In the following we are mostly interested in the caseM = C2 for which we can define
an equivariant U(1) action as10
C2 3 (z1, z2) 7−→ (eigsz1, e−igsz2) , with gs ∈ R+ . (5.4)
This action has a single fixed point at the origin and the corresponding weights are
given by w1,1 = −w2,1 = gs. We then obtain
χell(C2; τ, ν, gs) =
(θ1(τ, ν)
gsη3(τ)
)2
exp
(
− 2
∑
k≥1
P(2k−2)(τ, ν)
(2pii)2k(2k)!
g2ks
)
exp
(
4
∑
k≥2
G2k(τ)
(2k)!
g2ks
)
,
(5.5)
which can also be written in the following manner
χell(C2; τ, ν, gs)
= −φ−2,1(τ, ν)
g2s
exp
(
− g
2
sφ0,1(τ ; ν)
12φ−2,1(τ ; ν)
−
∑
k≥2
2g2ks
(2k)!
(P(2k−2)(τ ; ν)
(2pii)2k
−G2k(τ)
))
10This corresponds to β = 1 compared to (4.2).
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In fact, for most of the remainder of this work we prefer yet a different form. To this
end we use equation (A.22) and write
−2
∞∑
k=1
P(2k−2)(τ, ν)
(2pii)2k(2k)!
g2ks = −2
∑
2≤n∈2Z
P(n−2)(τ, ν)
(2pii)nn!
gns
= −
∞∑
n=1
P(n−2)(τ, ν)
(2pii)nn!
gns −
∞∑
n=1
P(n−2)(τ, ν)
(2pii)nn!
(−gs)n . (5.6)
Notice that all odd powers of gs in the last line cancel between the two terms. Using
again (A.22) we can write
−2
∞∑
k=1
P(2k−2)(τ, ν)
(2pii)2k(2k)!
g2ks = −
∞∑
n=1
∂n−2
∂νn−2
[
8pi2G2 − ∂
2
∂ν2
log(iθ1(τ ; ν))
]
gns + (−gs)n
(2pii)nn!
= 2g2sG2 − 2 log(iθ1(τ ; ν)) + log
(
iθ1
(
τ ; ν +
gs
2pi
))
+ log
(
iθ1
(
τ ; ν − gs
2pi
))
.
Inserting this into (5.5) we obtain
χell(C2; τ, ν, gs) = −
θ1
(
τ ; ν + gs
2pi
)
θ1
(
τ ; ν − gs
2pi
)
θ21(τ ;
gs
2pi
)2
, (5.7)
which is the expression we will mostly be concerned with in this work. For complete-
ness we also note that upon expanding χell in powers of gs
χell(C2; τ, ν, gs) =
∞∑
g=0
g2g−2s f
(0)
g (τ, ν) , (5.8)
the coefficient functions have a very simple structure
f(k=0)g (τ, ν) =

−φ−2,1(τ ; ν) g = 0
1
12
φ0,1(τ, ν) g = 1
B2g(2g−1)
(2g)!
E2g(τ)φ−2,1(τ ; ν) g ≥ 2
(5.9)
which is proven in appendix A.6.
5.2 Equivariant Elliptic Genus of β-deformed C2
There exists an interesting generalisation of (5.7), namely the elliptic genus of a β-
deformed version of C2. For this Ω-background [44, 45] (see also appendix A.5) the
U(1) action (5.4) is generalised to
C2β 3 (z1, z2) 7−→ (t1z1, t2z2) , (5.10)
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with two new parameters (t1, t2) (introduced in (4.2)) which we remind, can be
expressed in terms of gs of equation (5.4) and the deformation parameter β
t1 := exp(i gs
√
β) , and t2 := exp(−i gs/
√
β) . (5.11)
For β = 1 the deformation vanishes and we are dealing again with C2. Repeating
the computation of the previous section for generic β, we find for the elliptic genus
χell(C2; τ, ν, gs; β)
=
√
t1t2
y
∏
k≥1
(1− y
√
t1
t2
zk−1)(1− y−1
√
t2
t1
zk)(1− y
√
t2
t1
zk−1)(1− y−1
√
t1
t2
zk)
(1− t1 zk−1)(1− t−11 zk)(1− t2 zk−1)(1− t−12 zk)
=
θ1(z; y
−1
√
t2
t1
) θ1(z; y
−1
√
t1
t2
)
θ1(z; t
−1
1 ) θ1(z; t
−1
2 )
(5.12)
The expansion in gs can be organized in the following manner
χell(C2; τ, ν, gs; β) =
∞∑
g=0
g2g−2s
g∑
m=0
(√
β − 1√
β
)2m
f(m)g (τ, ν) . (5.13)
Here all the f
(m)
g (τ, ν) are weak Jacobi forms of SL(2,Z) with weight (2g − 2) and
index 1. For the reader’s convenience we have compiled the first few of them explicitly
in table 1. Upon close inspection of the latter we observe a number of interesting
relations between f
(m)
g of different g and m. In particular, we find
∂f
(m)
g
∂E2
= − 1
48
f
(m−1)
g−1 (5.14)
For the complete genus g contribution
fg(τ ; ν) :=
g∑
m=0
(√
β − 1√
β
)2m
f(m)g (τ ; ν) (5.15)
this entails the following holomorphicity type of relation
∂fg(τ ; ν)
∂E2(τ)
= − 1
48
(√
β − 1√
β
)2
fg−1(τ ; ν) . (5.16)
Notice in particular that the ’anomalous’ contribution on the right hand side vanishes
in the case of β = 1.
6 String Amplitudes and the Elliptic Genus
In this section we try to find the structures that appeared in the previous sections
within the setting of perturbative string theory. More precisely, we exhibit a series
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Table 1: Explicit expressions for the first few f
(m)
g , to save writing we have not put
explicit arguments for all modular forms.
of one-loop string scattering amplitudes, which provides a generating functional for
the equivariant elliptic genus of C2 in its β-deformed version. Here we only sketch
this computation skipping most of the details. A brief review of our notation as well
as some more details can be found in appendix B.
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Following a similar logic as in [41] we consider one-loop amplitudes with massive
external states. The main difference with respect to the latter work is that the
internal K3 compactification has been decompactified such that we consider type II
amplitudes on T 2. Moreover, in order to account for the modified Witten genus of
C2 (see section 5) rather than the elliptic genus (which would vanish for C2), we
also require a number of additional vertex insertions compared to [41]. Finally, in
order to obtain the β-deformation of the modified Witten genus, we will follow a
similar logic as in [19, 22]: we implement the β-deformation through the insertion of
additional vertex operators related to the T 2 compactification.
To be precise, here we achieve this by including a number of massive vertices
of the type V (−1,0)(γ, p), which have been introduced in appendix B.2. Indeed, the
string correlation functions we have in mind are given by
GM,N,k(p(1), p(1), p(I))
=
〈
V
(0,0)
R
(
h, p(1)
)
V
(0,0)
R
(
h, p(2)
) N∏
I=1
V
(0,0)
F
(
p(I)
)
V
(0,0)
F
(
p(I)
) (
V
(−1,−1)
0 (p
(0))
)2
×
2M∏
J=1
V (−1,0)(γ(M), p(M))
k∏
`=1
V
(−1,0)
++ (p
(`))V
(−1,0)
−− (p¯
(`))
(
VPCO V¯PCO
)2M+2k+2〉
,
where in addition VR are insertions of graviton vertex operators and VF correspond to
KK-gauge fields coming from the reduction on T 2. Finally, the V±± are the analogue
of a particular class of states considered in [41]. Here we have inserted a total number
of 2M + 2k + 2 picture changing operators at fixed position which drop out at the
end of the computation due to BRST invariance of the amplitude. Our conventions
are summarised in appendix B.2.
We are interested in the contribution to GM,N,k proportional to
(
p(1)
)2 (
p(2)
)2∏N
I=1 p
(I)p(I). Following similar steps as in [41] and working in a fixed kinematical
configuration, we indeed find
GM,N,k
∣∣
(p(1))
2
(p(2))
2∏N
I=1 p
(I)p(I)
= AM,N,k ∼
∫
F
d2τ
τ 22
∫
d2x
M∑
m=0
N∑
n=0
(
2M
2m
) (
2N
2n
)A(n,m)M,N,k
(6.1)
where x collectively denotes integration over all world-sheet positions of the vertex
insertions and τ = τ1 + iτ2 denotes the integral over the world-sheet torus, with F
the fundamental domain of SL(2,Z). A(n,m)M,N,k is finally given in terms of correlation
functions of the world-sheet CFT (for our notation, see appendix B.)
A(n,m)M,N,k =
〈
n∏
i=0
ψ1ψ2(xi)ψ¯1ψ¯2(yi)
k∏
c=1
ψ1ψ¯2(qc)ψ¯1ψ2(pc)
〉
(∂X3)
2M+2k+2(∂¯X3)
2N+4M+4k+2
×
〈N−n∏
j=1
X1∂X2(uj)X¯2∂X¯1(vj)
m∏
a=1
X¯1∂X2(wa)X¯2∂X1(za)
M−m∏
b=1
X¯1∂X2(sb)X¯2∂X1(tb)
〉
,
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where angular brackets denote free correlation functions of the world-sheet fields.
Using path integral methods we can determine each correlator through a generating
functional, using similar methods as in [46] (see also [19]), focusing on the anomaly-
free contributions. Furthermore, the bosonic world-sheet fields of the internal T 2 (X3)
cannot contract among each other and only yield bosonic zero modes in the form
of explicit insertions of the Narain momenta PL and PR. Therefore, after summing
over m and n respectively, we find
AM,N,k =
∫
F
d2τ
τ2
[
∂2N
∂λ2N1
∂2k
∂λ2k2
∂2M
∂λ2M3
θ1 (τ ;λ1 + λ2) θ1 (τ ;λ1 − λ2)
θ1 (τ ;λ1 + λ3) θ1 (τ ;λ1 − λ3)
]
λ1,2,3=0
×
∑
Γ(2,2)
(PL)
2M+2k+2(PR)
2N+4M+4k+2q
1
2
|PL|2 q¯
1
2
|PR|2 , (6.2)
where the summation is over the Γ(2,2) Narain lattice which encodes the dependence
on the physical moduli (T, U) of the internal T 2. As in [41], we introduce the covariant
derivatives DU¯ with respect to the U¯ modulus, which acts on a function f (w) with
weight w as
DU¯ :=
U − U¯
2
(
∂
∂U¯
− w
2(U − U¯)
)
f (w) . (6.3)
With this definition we can write
AM,N,k = D2M+2k+2U¯ Iβ 6=1M,N,k , (6.4)
where we have introduced the expression
Iβ 6=1M,N,k =
∫
d2τ
τ2
[
∂2N
∂λ2N1
∂2k
∂λ2k2
∂2M
∂λ2M3
θ1 (τ ;λ1 + λ2) θ1 (τ ;λ1 − λ2)
θ1 (τ ;λ1 + λ3) θ1 (τ ;λ1 − λ3)
] ∣∣∣∣
λ1=λ2=λ3=0
×
∑
Γ2,2
(τ2PR)
2N+2M+2kq
1
2
|PL|2 q¯
1
2
|PR|2 . (6.5)
Instead of performing the world-sheet integration separately for each (M,N, k), we
define the following ’master integral’
I(T, U ;λ1, λ2, λ3) =
∞∑
N=0
∞∑
k=0
∞∑
M=0
λ2N1
(2N)!
λ2k2
(2k)!
λ2M3
(2M)!
Iβ 6=1M,N,k(T, U)
=
∫
d2τ
τ2
∑
Γ2,2
θ1 (τ ; (λ1 + λ2)τ2PR) θ1 (τ ; (λ1 − λ2)τ2PR)
θ1 (τ ; (λ1 + λ3)τ2PR) θ1 (τ ; (λ1 − λ3)τ2PR) q
1
2
|PL|2 q¯
1
2
|PR|2 (6.6)
To write the answer in a form which makes contact with the torus integral we dis-
cussed in section 4.3, we identify
λ1 =
gs
2
(√
β +
1√
β
)
, and λ2 = −2piν , and λ3 = −gs
2
(√
β − 1√
β
)
, (6.7)
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such that we find
I(T, U ; gs, ν, β) =
∫
d2τ
τ2
∑
Γ2,2
χell(C2; τ, ντ2PR, gsτ2PR, β) q
1
2
|PL|2 q¯
1
2
|PR|2 (6.8)
which for β = 1 is exactly the integral considered in (4.19).
7 Conclusions
In this paper we have computed partition functions for mass deformed N = 2 super-
symmetric gauge theories. There are various different points of view how to think
about these theories. In the first part of the paper we have used the fact that three
different dual representations of these theories exist:
1. through (p, q)-brane webs in type II string theory
2. through the (refined) topological string on elliptically fibered CY3folds
3. through particular configurations of M5/M2-branes (M-strings)
Each of these descriptions offers powerful computational techniques to compute the
gauge theory partition functions with interesting dualities in each case.
In the second part of the paper, we have explored a fourth approach, namely
linking the gauge theory partition function to the equivariant elliptic genus of C2
through a particular Hecke transformation, as well as through a (singular) theta-
transform. The latter takes the form of an integral over the fundamental domain
of SL(2,Z) (torus integral), with the role of the integral kernel being played by
a specific Siegel-Narain theta function. We have recovered precisely this kind of
integral in a series of particular one-loop scattering amplitudes in type II string
theory compactified on T 2 with massive external vertices.
There are several directions in which our work can be extended. For example,
the connection between the partition functions and the equivariant elliptic genus
of C2 so far has only been worked out for k = 1. It would be very interesting to
extend these computations also to several M5 branes and understand which type
of scattering amplitudes this corresponds to. Similarly, it would be interesting to
consider M-strings on yet different internal manifolds. We have already considered
further compactifications to T 2 × T 2 fibrations in section 4.5. However, it would be
interesting to perform a more systematic analysis of additional string backgrounds.
For example, it would be interesting to make contact with certain realisations of the
Ω-background in string theory, e.g. [63]. Besides, it would be interesting to analyse
the couplings in the N = 4 string effective action corresponding to the class of
scattering amplitudes discussed in section 6. They are expected to compute certain
physical 1/4-BPS saturated terms, generalising the ones studied in [41].
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We believe that our results will also be interesting for different problems, related
to the physics of BPS states in M-theory. For once it would be interesting to see
whether our results can give any further hints on the existence of a so-called algebra
of BPS states, i.e. the idea that the BPS states in string models are organised
to form an algebra. This idea was pioneered in [38, 47] and further studied in
[48]. Further hints for its existence in T 2 compactifications (relevant for the setting
which we studied in section 6) were presented in [49]. The product representations
(see e.g. (4.39)) look very similar to expressions found for denominator formulas of
BKM algebras, which have been speculated to be candidates for algebras of BPS
states. It would be interesting to see whether (4.39) indeed allows a more algebraic
interpretation.
A possible further connection might be made to a phenomenon called Mathieu
moonshine. Indeed, in recent years, convincing evidence has been compiled for an
action of the Mathieu group M24 on the BPS states contributing to the elliptic
genus of K3 [50] and several recent developments also point to a connection to
more physical problems [51]. It would be curious to see whether there is a similar
moonshine phenomenon connected to the equivariant elliptic genus we have been
studying. In particular, note that the g = 0 contribution in the expansion of the
equivariant elliptic genus precisely corresponds to the elliptic genus of K3. It will be
interesting in the future to further exploit this expression.
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A Mathematical Definitions and Conventions
A.1 Identity
Consider the following sum which is the N = 2 case of Eq.(3.9),
G(x,y,Q) =
∑
λ1,2,3,4,η1,2,3,4
Q
|λ1|
1 Q
|λ2|
2 Q
|λ3|
3 Q
|λ4|
4 sλ1/η1(x1)sλt1/η2(y1) (A.1)
×sλ2/η2(x2)sλt2/η3(y2)sλ3/η3(x3)sλt3/η4(y3)sλ4/η4(x4)sλt4/η1(y4)
Then by summing over the partitions four times using the identities:∑
η
sη/ν(x) sη/µ(y) =
∏
i,j
(1− xiyj)−1
∑
τ
sµ/τ (x) sν/τ (y) (A.2)∑
η
sηt/ν(x) sη/µ(y) =
∏
i,j
(1 + xiyj)
∑
τ
sµt/τ (x) sνt/τ t(y) ,
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we can establish the following relation
G(x1, y1, x2, y2, x3, y3, xy, y4;Q1, Q2, Q3, Q4) = P (x,y,Q) (A.3)
×G(Q1Q2x1, Q1Q4y1, Q2Q3x2, Q1Q2y2, Q3Q4x3, Q2Q3y3, Q1Q4x4, Q3Q4y4;Q3, Q4, Q1, Q2) ,
where Q• = Q1Q2Q3Q4 and
P (x,y,Q) :=
∏
i,j
(1 +Q1x1,iy1,j)(1 +Q2x2,iy2,j)(1 +Q3x3,iy3,j)(1 +Q4x4,iy4,j)
(1−Q1Q4y1,ix4,j)(1−Q1Q2x1,iy2,j)(1−Q2Q3x2,iy3,j)(1−Q3Q4x3,iy4,j)
×
∏
i,j
(1 +Q•Q−13 y2,ix4,j)(1 +Q•Q
−1
4 x1,iy3,j)(1 +Q•Q
−1
1 x2,iy4,j)(1 +Q•Q
−1
2 y1,ix3,j)
(1−Q•y2,ix3,j)(1−Q•y3,ix4,j)(1−Q•x1,iy4,j)(1−Q•y1,ix2,j)
Using Eq.(A.3) we see that
G(x;Q1, Q2, Q3, Q4) = R(x,y)G(Q•x;Q1, Q2, Q3, Q4) (A.4)
where
R := P (x,y;Q1, Q2, Q3, Q4) (A.5)
×P (Q1Q2x1, Q1Q4y1, Q2Q3x2, Q1Q2y2, Q3Q4x3, Q2Q3y3, Q1Q4x4, Q3Q4y4;Q3, Q4, Q1, Q2)
=
∏
i,j
(1 +Q1x1,iy1,j)(1 +Q2x2,iy2,j)(1 +Q3x3,iy3,j)(1 +Q4x4,iy4,j)
(1−Q1Q4y1,ix4,j)(1−Q1Q2x1,iy2,j)(1−Q2Q3x2,iy3,j)(1−Q3Q4x3,iy4,j)
×
∏
i,j
(1 +QτQ
−1
3 y2,ix4,j)(1 +QτQ
−1
4 x1,iy3,j)(1 +QτQ
−1
1 x2,iy4,j)(1 +QτQ
−1
2 y1,ix3,j)
(1−Qτy2,ix3,j)(1−Qτy3,ix4,j)(1−Qτx1,iy4,j)(1−Qτy1,ix2,j)
×
∏
i,j
(1 +QτQ1x1,iy1,j)(1 +QτQ2x2,iy2,j)(1 +QτQ3x3,iy3,j)(1 +QτQ4x4,iy4,j)
(1−QτQ1Q4y1,ix4,j)(1−QτQ1Q2x1,iy2,j)(1−QτQ2Q3x2,iy3,j)(1−QτQ3Q4x3,iy4,j)
×
∏
i,j
(1 +Q2τQ
−1
3 y2,ix4,j)(1 +Q
2
τQ
−1
4 x1,iy3,j)(1 +Q
2
τQ
−1
1 x2,iy4,j)(1 +Q
2
τQ
−1
2 y1,ix3,j)
(1−Q2τy2,ix3,j)(1−Q2τy3,ix4,j)(1−Q2τx1,iy4,j)(1−Q2τy1,ix2,j)
Then
G(x,y,Q) =
L−1∏
k=0
R(Qk−1• x, Q
k−1
• y)G(Q
L
•x, Q
L
•y,Q) . (A.6)
Taking the limit L 7→ ∞ gives
G(x,y,Q) =
∞∏
k=0
R(Qk−1• x, Q
k−1
• y)G(0, 0,Q) , (A.7)
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where G(0, 0,Q) =
∏∞
k=1(1−Qk•)−1. Thus we get
G(x,y,Q)
G(0, 0,Q)
:=
∞∏
n=0
∏
i,j
(1 +Qn•Q1x1,iy1,j)(1 +Q
n
•Q2x2,iy2,j)(1 +Q
n
•Q3x3,iy3,j)(1 +Q
n
•Q4x4,iy4,j)
(1−Qn•Q1Q4y1,ix4,j)(1−Qn•Q1Q2x1,iy2,j)(1−Qn•Q2Q3x2,iy3,j)(1−Qn•Q3Q4x3,iy4,j)
×
∏
i,j
(1 +Qn+1• Q
−1
3 y2,ix4,j)(1 +Q
n+1
• Q
−1
4 x1,iy3,j)(1 +Q
n+1
• Q
−1
1 x2,iy4,j)(1 +Q
n+1
• Q
−1
2 y1,ix3,j)
(1−Qn+1• y2,ix3,j)(1−Qn+1• y3,ix4,j)(1−Qn+1• x1,iy4,j)(1−Qn+1• y1,ix2,j)
.
A generalization of the above result is given in Eq.(3.11).
A.2 Modular Forms
Among the many different modular objects appearing in the main body of this work,
a particular role is played by the Jacobi theta functions. They can be defined in the
following manner in terms of infinite products
θ1(τ ; ν) := −iq 18y 12
∞∏
n=1
(1− qn)(1− yqn)(1− y−1qn−1)
θ2(τ ; ν) := q
1
8 (y
1
2 + y−
1
2 )
∞∏
n=1
(1− qn) (1 + yqn)(1 + y−1qn)
θ3(τ ; ν) :=
∞∏
n=1
(1− qn) (1 + yqn−1/2)(1 + y−1qn−1/2)
θ4(τ ; ν) :=
∞∏
n=1
(1− qn) (1− yqn−1/2)(1− y−1qn−1/2) . (A.8)
where we have introduced the shorthand notation for the variables
q = e2piiτ , and y = e2piiν . (A.9)
Moreover, we will find the following identities useful in the main body of the text
∂
∂z
θ1(τ ; z)
θ4(τ ; z)
=
θ2(τ ; z)θ3(τ ; z)θ4(τ ; 0)
2
θ4(τ ; z)2
, (A.10)
∂
∂z
θ2(τ ; z)
θ4(τ ; z)
= −θ1(τ ; z)θ3(τ ; z)θ3(τ ; 0)
2
θ4(τ ; z)2
, (A.11)
∂
∂z
θ3(τ ; z)
θ4(τ ; z)
= −θ1(τ ; z)θ2(τ ; z)θ2(τ ; 0)
2
θ4(τ ; z)2
, (A.12)
as well as
θ1(τ ; 2z)
2θ1(τ ; z)
=
θ2(τ ; z)θ3(τ ; z)θ4(τ ; z)
θ2(τ ; 0)θ3(τ ; 0)θ4(τ ; 0)
. (A.13)
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In addition to the theta-functions we also introduce the Dedekind-eta function
η(τ) := q
1
24
∞∏
n=1
(1− qn) , (A.14)
which is a holomorphic modular form of weight 1
2
of SL(2,Z). It can be related to
the Jacobi theta functions through [52]
θ2(τ ; 0)θ3(τ ; 0)θ4(τ ; 0) = 2η(τ)
3 . (A.15)
With these quantities, we can finally introduce the standard weak Jacobi forms
φ−2,1(z; y) and φ0,1(z; y) of index 1 and weight −2 and 0 respectively (see [35])
φ−2,1(τ ; ν) := −θ1(τ ; ν)
2
η6(τ)
, φ0,1(τ ; ν) := 4
4∑
i=2
θi(τ ; ν)
2
θi(τ ; 1)2
, (A.16)
φ0,1(τ ; ν) is proportional to the elliptic genus of K3
φ0,1(τ ; ν) =
1
2
χell(K3; τ, ν) . (A.17)
Moreover, another class of modular forms which is of great importance in the main
body of this work are the Eisenstein series which are defined as
E2n(τ) := 1− 4n
B2n
∞∑
k=1
σ2n−1(k) qk , (A.18)
where B2n are the Bernoulli numbers and σ2n−1(k) the divisor function. Notice that
for n ≥ 2 the Eisenstein series E2n are holomorphic and transform with weight 2n
under SL(2,Z). E2(τ) itself is not a modular form but acquires a shift-term under
SL(2,Z) transformations. The latter can be removed by defining the quasi modular
form
Eˆ2(τ, τ¯) := E2(τ)− 3
pi τ2
, with τ2 := Imτ , (A.19)
which, however, is manifestly not holomorphic. We should also mention that the
Eisenstein series are not independent objects. Indeed, for n ≥ 4 each E2n(τ) can
be expressed as a finite polynomial in (E4, E6). In some cases we will also use the
un-normalized Eisenstein series which are defined as
Gˆ2(τ, τ¯) := − 1
24
Eˆ2(τ, τ¯) , and G2n(τ) := −B2n
4n
E2n(τ) . (A.20)
Finally, we introduce the elliptic Weierstrass function P(τ, ν)
P(τ, ν) := ν−2 +
∑
ω∈Zτ+Z
ω 6=0
[
(ν + ω)−2 − ω−2] , (A.21)
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which is a meromorphic Jacobi form of weight 2 and index 0. An alternative way of
writing the Weierstrass function is (see [15])
P(τ, ν) = 8pi2G2 − ∂
2
∂ν2
log(iθ1(τ ; ν)) , (A.22)
which highlights the relation to the Eisenstein series. Throughout this work we
denote derivatives of P(τ, ν) with respect to the second argument by
P(n)(τ, ν) = ∂nνP(τ, ν) . (A.23)
These are meromorphic Jacobi forms of weight n+ 2 and index zero and have a pole
of order n + 2 at z = 0. Following [15] these derivatives can be written in terms of
the Eisenstein series in the following manner
P(n−2)(τ, ν) = (−1)
n(n− 1)!
νn
+ 2
∑
k≥2
2k≥n
(2pii)2kG2k(τ)
ν2k−n
(2k − n)! . (A.24)
A.3 Double Elliptic Gamma Function
Following the notation of [53], for x ∈ C∗, we define the double elliptic Gamma
function as
Γ2(x; y1, y2, y3) :=
∞∏
i,j,k=0
(
1− x−1Qi+1y1 Qj+1y2 Qk+1y3
) (
1− xQiy1Qjy2Qky3
)
, (A.25)
with the shorthand notation
Qyi = e
2piiyi . (A.26)
It satisfies the following relations
Γ2(xQy1 ; y1, y2, y3)
Γ2(x; y1, y2, y3)
= Γ1(x; y2, y3) ,
Γ2(xQy2 ; y1, y2, y3)
Γ2(x; y1, y2, y3)
= Γ1(x; y1, y3) , (A.27)
Γ2(xQy3 ; y1, y2, y3)
Γ2(x; y1, y2, y3)
= Γ1(x; y1, y2) ,
where Γ1 is the standard elliptic Gamma function defined as
Γ1(x; y1, y2) :=
∞∏
i,j=0
1− x−1Qi+1y1 Qj+1y2
1− xQiy1Qjy2
. (A.28)
The double elliptic Gamma function Γ2 has very interesting modular properties
Γ2(z; ρ, 1, 2) = Γ2(
z
ρ
;−1
ρ
,
1
ρ
,
2
ρ
)Γ2(
z
1
;
ρ
1
,− 1
1
,
2
1
)Γ2(
z
2
;
ρ
2
,
1
2
,− 1
2
) exp
( ipi
12
B44
)
,
(A.29)
where B4,4 is given by
B4,4(z; ρ, 1, 2) =
d4
dx4
x4 ez x
(eρ x − 1)(e1 x − 1)(e2 x − 1) |x=0 . (A.30)
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A.4 Equivariant Cohomology and Integration
In defining the modified elliptic genus for a non-compact manifold in section 5 we
have used a particular equivariant integration. In this appendix we will give a brief
review of this technique and point the reader to the relevant literature.
Our starting point is a manifold M with a non-trivial action of a Lie group G.
We will denote the corresponding Lie algebra by g and its positive definite invariant
quadratic form by (·, ·)g. For Ω?(M) the de Rham complex of M, following [54–
56] we define the G-equivariant de Rham complex Ω?G(X) as the G-invariant part of
(Ω?(X)⊗Fun(g)), where Fun(g) is the algebra of graded polynomial functions on g.
We will call elements of Ω?G(X) equivariant differential forms α.
For g ∈ g let Vg ∈M be the vector field generated by the infinitesimal action of
g. Then we define the equivariant de Rahm operator as11
D := d− iιVg , (A.31)
where ιVg is the contraction by the vector field Vg. Following [56]
D2 = −iLVg = −idιVg − iιVg , (A.32)
which vanishes manifestly on Ω?G(X). We denote the cohomology H
?
G(M) of D as
the G-equivariant cohomology of M.
For equivariant differential forms we can define the notion of an integral as the
map
Ω?G(M) −→ C (A.33)
α −→ 1
vol(G)
∫
g×M
dφ1 . . . dφs
(2pi)s
· α , (A.34)
where (φ1, . . . , φs) is a Euclidean basis of g. Since this integration generically does
not converge, we can introduce the following regularization factor∮
α =
1
vol(G)
∫
g×M
dφ1 . . . dφs
(2pi)s
· α · exp
(
− 
2
(φ, φ)g
)
, with  ∈ R+ . (A.35)
Integrals of this type can be computed as a sum over contributions of isolated
fixed points of the G-action using the stationary phase approximation (Atiyah-Bott-
Lefschetz fixed point theorem), which we will make use of in the main body of this
text.
11We are using the definition of [56] which includes a factor i, usually omitted in the mathematical
literature.
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A.5 β-deformed Backgrounds
Recently tremendous progress in the computation of the instanton partition func-
tions of four-dimensional N = 2 gauge theories has been achieved [5] by using par-
ticular localization techniques in a particular four-dimensional background. This
so-called Ω-background is parameterized by two rotational parameters, which were
called 1, 2 ∈ C in the original work [44, 45]: The starting point is six-dimensional
N = 1 Super-Yang-Mills theory which yields a four-dimensional N = 2 gauge the-
ory when compactified on a torus T 2. However, instead of the ’standard’ product
space compactification R4× T 2 we will rather consider an R4 vector bundle over the
two-torus T 2 with flat connection
Spin(4) = SU(2)L × SU(2)R . (A.36)
To be more precise, the metric on this 6-dimensional space has the following structure
ds2 = Adz dz¯ + gµν
(
dxµ + V µdz + V¯ µdz¯
) (
dxν + V νdz + V¯ νdz¯
)
, (A.37)
with A the volume of the T 2, {z, z¯} the complex coordinates on the torus and xµ the
four-dimensional coordinates. Moreover, we have introduced the quantities
V µ : Ωµνx
ν , with Ωµν =

0 1 0 0
−1 0 0 0
0 0 0 2
0 0 −2 0
 . (A.38)
To make contact with the computations in the main body of this paper, we have to
identify
1 = gs
√
β , and 2 = −gs/
√
β . (A.39)
For generic β 6= 1, this background breaks supersymmetry. However, fermionic
symmetries can be restored by introducing in addition Wilson lines in the SU(2)
R-symmetry group. This can be done by embedding an SU(2) subgroup of the flat
connection into the SU(2) R-symmetry group. In the final step we will send the
volume A to zero.
A.6 Expansion of χell at β = 1
In this appendix we want to give a short proof of the expansion (5.9). To this end,
we first use addition formulae for the Jacobi-theta functions [52] to write
χell(C2; τ, ν, gs) = −
θ1(τ ; ν)
2θ4(τ ;
gs
2pi
)2
θ1(τ ;
gs
2pi
)2 θ4(τ ; 0)2
+
θ4(τ ; ν)
2θ1(τ ;
gs
2pi
)2
θ1(τ ;
gs
2pi
)2 θ4(τ ; 0)2
= −
[
θ1(τ ; ν)
2θ4(τ ;
gs
2pi
)2
θ1(τ ;
gs
2pi
)2 θ4(τ ; 0)2
− 1
3
(
2θ4(τ ; ν)
2
θ4(τ ; 0)2
− θ2(τ ; ν)
2
θ2(τ ; 0)2
− θ3(τ ; ν)
2
θ3(τ ; 0)2
)]
+
φ0,1(τ, ν)
12
,
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where we have used the definition (A.16). Explicitly expanding the term in the
bracket into a Laurent series, one can check that it contains no term of order g0s .
This not only immediately proves the middle line of equation (5.9) but also implies
that all f
(k=0)
g are proportional to φ−2,1. To argue for the form of the remaining terms,
we will focus on the bracket and consider
χ˜ell := 2pi
∂
∂gs
[
θ1(τ ; ν)
2θ4(τ ;
gs
2pi
)2
θ1(τ ;
gs
2pi
)2 θ4(τ ; 0)2
− 1
3
(
2θ4(τ ; ν)
2
θ4(τ ; 0)2
− θ2(τ ; ν)
2
θ2(τ ; 0)2
− θ3(τ ; ν)
2
θ3(τ ; 0)2
)]
=φ−2,1(τ ; ν)
η(τ)6 θ2(τ ; ν)θ3(τ ; ν)θ4(τ ; ν)
θ1(τ ;
gs
2pi
)3
= φ−2,1(τ ; ν)
θ1(τ ;
gs
pi
) η(τ)9
θ1(τ ;
gs
2pi
)4
where we have used identities (A.10), (A.13) and (A.15). Using the notation of [15],
the factor
p
(
τ ;
gs
2pi
)
:=
θ1(τ ;
gs
pi
) η(τ)9
θ1(τ ;
gs
2pi
)4
=
φ0, 3
2
(τ ; gs
2pi
)
φ−1, 1
2
(τ ; gs
2pi
)3
∈ Jmer(3,0) , (A.40)
is a meromorphic Jacobi form of weight 3 and index 0, which means that it can be
understood as a differential
p
(
τ ;
gs
2pi
)
= 2pi
∂
∂gs
h
(
τ ;
gs
2pi
)
, with h ∈ Jmer(2,0) , (A.41)
of a meromorphic Jacobi form of weight 2 and index 0 and has a second order pole
at gs = 0. Thus, h is proportional to the Weierstrass function P(τ ; gs2pi ). To see this,
we note that h can be made into a meromorphic Jacobi form of weight 0 and index
0 through multiplication by
g
(
τ ;
gs
2pi
)
=
E4(τ)E6(τ)
η(τ)24
h
(
τ ;
gs
2pi
)
∈ Jmer(0,0) (A.42)
As shown in [57] (see also [58]), the field of Jmer(0,0) is the fieldK
(
E4(τ)E6(τ)
η(τ)24
P(τ, ν), j(τ)
)
,
where j(τ) is the Klein invariant function. Since g has a second order pole in gs,
g
(
τ ;
gs
2pi
)
= P
(
τ ;
gs
2pi
)
j(τ)a , for a ∈ Z . (A.43)
Using moreover, that g has only a first order pole in q it follows that a = 0.12 Using
finally the series expansion of the Weierstrass function (A.24) finally proves (5.9).
B One-Loop Amplitudes in Type II Superstring
In section 6 we consider a class of one-loop amplitudes in type II string theory
compactified on T 2. In this appendix we compile a few details about our notation
and conventions
12a = 0 can also be determined by series expanding g in gs and comparing the coefficients.
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B.1 Narain Partition Function
The one loop partition function for the internal part of type II string theory compact-
ified on T 2 can be written as a lattice sum over the Narain lattice Γ(2,2) of signature
(2, 2). This theta-series depends explicitly on th Ka¨hler and complex structure mod-
ulus (T, U) = (T1 + iT2, U1 + iU2) of T
2, as well as the parameter τ = τ1 + iτ2 of the
world-sheet torus
Θ(2,2)(T, U ; τ) =
∑
m1,2,n1,2
q
1
2
|PL|2 q¯
1
2
|PR|2 , (B.1)
Here (PL, PR) are the Narain momenta, which can explicitly be written
PL =
1√
2T2U2
(m1 +m2U + n1T¯ + n2T¯U) , (B.2)
PR =
1√
2T2U2
(m1 +m2U + n1T + n2TU) , (B.3)
which satisfy |PL|2 − |PR|2 = 2(m1n2 −m2n1).
B.2 Vertex Operators in Type II String Theory on T 2
To explicitly compute string amplitudes, we need the world-sheet emission vertex
operators for the string states discussed in the previous section. We consider type II
string theory compactified on T 2 and use a similar notation as in [16] (see also [41]):
we introduce a basis of 10-dimensional bosonic complex coordinates (X1, . . . , X5)
where X3 corresponds to the torus T
2. The superpartners of these will be denoted
(ψ1, . . . , ψ5) in the left moving sector and (ψ˜1, . . . , ψ˜5) in the right moving sector.
For explicit computations we will bosonize the fermions in terms of free scalar fields
φ1,...,5 (and φ˜1,...,5 respectively), such that
ψi = e
iφi ,
ψ˜i = e
iφ˜ ,
and
ψ¯i = e
−iφi ,
¯˜ψi = e
−iφ˜ ,
∀ i = 1, . . . , 5 . (B.4)
The relevant bosonic contractions for the non-compact directions are
〈XI(z)X¯J(0)〉1−loop = −δIJ log
(
e
− 2piIm(z)
τ2
2
∣∣∣∣ θ1(τ ; z)2piη(τ)3
∣∣∣∣2
)
, ∀I, J 6= 3 , (B.5)
〈
ψI(z)ψ¯J(0)
〉[a
b
]
= 2piδIJ
θ
[a
b
]
(τ ; z)η(τ)3
θ
[a
b
]
(τ ; 0)θ1(τ ; z)
. (B.6)
For the bosonic torus coordinates, we will use the correlators
〈∂X3(z)∂X3(0)〉 = P 2L ,
〈
∂¯X3(z)∂¯X3(0)
〉
= P 2R ,
〈
∂X3(z)∂¯X3(0)
〉
= PLPR ,
(B.7)
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where (PL, PR) are the Narain-momenta as discussed in the previous section.
From the spectrum discussed in the previous section, we see that there are mass-
less as well as massive states. Among the massless states, the ones relevant for us is
the graviton, whose vertex in the (0, 0)-ghost picture takes the form
V
(0,0)
R (h, p) =: h
µν [∂Xµ + i(p · ψ)ψµ]
[
∂¯Xν + i(p · ψ˜)ψ˜ν
]
eip·X : , (B.8)
which is characterized by a symmetric traceless polarization tensor hµν and a mo-
mentum pµ, such that pµh
µν = 0. Besides this, among the massless states we will
make use of the KK vector fields stemming from the reduction on T 2. Their vertices
are given by in the (0, 0)-ghost picture are given by
V
(0,0)
F (, p) =: 
µ [∂Xµ + i(p · ψ)ψµ] ∂¯X3 eip·X : , (B.9)
and are determined by a polarization vector µ together with a space-time momentum
pµ such that µpµ = 0.
Vertices of massive string states have first been introduced in [59] (see also [41, 60]
for their explicit use in string scattering amplitudes). All vertices of physical states
at the first massive level have been classified and written explicitly in [61] (see also
[62]). Among those we only need a very particular class. Our strategy is to consider
a generalisation of the computations in [41] by thinking of the directions X4,5 as
arising from the large volume limit of a K3 compactification. In this manner, we
consider the analogue of the free SU(2)-currents in the compact picture, which is the
way how they appeared in [41]. Their vertices in the (−1, 0)-ghost picture take the
form
V
(−1,0)
A (p) =: e
−ϕψ3 JA eip·X : , with JA =

ψ4ψ5 for A = ++ ,
ψ4ψ¯4 + ψ5ψ¯5 for A = 0 ,
ψ¯4ψ¯5 for A = −− .
(B.10)
Finally there we use one further massive state, which can be found in [61]
V (−1,0)(γ, p) =: iγµ e−ϕ [∂Xµψ3 + ∂X3ψµ] ∂¯X3 eip·X : . (B.11)
These vertex operators will turn out to be sufficient for all computations performed
in the main body of this work.
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